Long-Term Behaviour and Environmentally Friendly Rehabilitation Technologies of Dams (LTBD 2017) DOI:10.3217/978-3-85125-564-5-019

Smoothed particle hydrodynamics for morphology changes and
a non-newtonian fluid
Pooyan Nikeghbali1, Pourya Omidvar2, Payam Rasooli3, S. Mehdi Mohammadizadeh4
1- Hydraulic Structure Engineering, Absar Fars Consulting Engineers Co., Shiraz, Iran
2- Faculty of Engineering, Yasouj University, Yasouj, Iran
3-Civil Engineering, Eastern Mediterranean University, Famagusta, North Cyprus
4- Hydraulic Structure Engineering, University of Sistan and Baluchestan, Zahedan, Iran
Email: pooyannikeghbali@gmail.com
Abstract
The interaction between bed-load sediment and water flow is an important topic of great concern which
should be modeled for a wide range of hydrodynamic systems. In this paper, smoothed particle
hydrodynamics (SPH) is utilized for the simulation of mudflow with non-Newtonian behavior and dambreak propagation over an erodible bed that sediment particles as weakly compressible flow is treated as a
non-Newtonian fluid using Bingham-Cross model coupled with the Newtonian treat (Owen’s relation) at the
interface. To cope with the difficulties arisen from different densities, the continuity and momentum
equations are rather modified so that the interactions between the sediment and water are accurately modeled.
To validate the Bingham-Cross model, a mudflow test case is studied and compared with other experimental
and numerical studies. Then, the two-phase model is used to simulate the dam-break models with PVC bed
materials. Comparisons are then made with the available experimental data indicating that the defined SPH
model provides the sensible prediction for a test case.
Keywords: Smoothed Particle Hydrodynamics, Dam-break problem, Non-Newtonian fluid, Mudflow,
Movable bed.

1.

INTRODUCTION

The study on changes in the shape of channels and river beds is necessary for understanding bed load
transports. It is clear that the knowledge of random particle movement of bed material transport is also essential
for understanding the river morphology, which depends on the pattern of sediment transfer along the river with
the local erosion and deposition. Sediment transportation in hydrodynamics is of great industrial and
environmental importance which is complicated to model due to its complex boundary conditions and random
particle movements. The crucial characteristics of loose boundary problems is the interaction between the fluid
and sediment, which is the erosion and sediment transport problems. This cannot be treated in an isolation from
the hydrodynamics. Sediments form a passive medium that only reacts to the applied forces [1].
Dam-break with a moveable bed is a challenging problem needed to be simulated in particular when a
large amount of sediments is propagated mainly due to dam failure or other defense structures. This may result in
a large-scale modification of the valleys morphology along with the environmental and geological changes which
significantly increases the hazardous damages to the mankind and urban infrastructures [2]. Modeling of the dambreak problem over mobile bed, based on the Eulerian methods, is rather complicated. The predicted models
should be able to accurately evaluate the bed movement and the free-surface variation. Smoothed particle
hydrodynamics (SPH) is a fully Lagrangian and meshless method. In this method, each particle carries an
individual mass, position, velocity and other physical quantities. The Lagrangian nature of SPH is suited for
simulating problems with large deformation, e.g., dam-break, as there is no special treatment needed for free
surface.
In this paper, the open-source SPHysics code [3] will be modified into two phases, where the sediment
phase is considered as non-Newtonian. Moreover, the viscosity of sediment in the momentum equation is
simulated using Bingham fluid with Cross model. The water–sediment interface is modeled using Owen’s
equation, leading to precise study of the water–sediment interface. Therefore, a case of mudflow is studied to
validate the SPH code on Bingham fluid behavior and is compared with the experimental study of Komatina and
Jovanovic [4] and numerical studies of Shao and Lo [5] and Capone [6]. Then, the case of dam-break problem is
studied and compared with the experimental results of Spinewine [2] and two numerical results of Shakibaeinia
and Jin [7] and also Razavitoosi et al. [8].
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2.

SPH METHOD

The SPH method generally applies an integral interpolation of a function f , defined over a domain of
interest  , allowing f to be estimated in terms of its values in the surrounding domain. The value of f at location
r can be written as a convolution product of the function f [9]:
𝑓(𝒓) ≈< 𝑓(𝒓) >= ∫ 𝑓(𝒓′ )𝑊(𝒓 − 𝒓′ , ℎ)𝑑𝒓′

(1)

Ω

The transition to a discrete domain is obtained by approximating the integral of equation 1 by a
summation. The value of quantity f relative to the particle i located at the point rij = ri - rj can be written as:
𝑓(𝑟𝑖𝑗 ) = ∑
𝑗

𝑚𝑗
𝑚𝑗
𝑓 𝑊(𝑟𝑖 − 𝑟𝑗 , ℎ) = ∑ 𝑓𝑗 𝑊𝑖𝑗
𝜌𝑗 𝑗
𝜌𝑗

(2)

𝑗

where W(r-r’,h)=Wij is called the smoothing kernel and h is the smoothing length, dr is a differential volume
element, m is the particle mass and fj denotes the value of f at the point occupied by particle j.
The SPH continuity and momentum equations of the Lagrangian form of the Navier–Stokes equation can
be obtained using the following formulations [9]:
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where mi is the mass of particle i, Pi is the pressure that particle experienced, u is the velocity vector of particle, ρ
is the density, g is the gravity acceleration, v is the kinematic viscosity, ι is a very small number avoiding the term
become infinity and 𝜏̅ represents the SPS stress tensor.
Due to the discontinuity in density in multi-fluid simulation, Greiner et al. [10] proposed a new method
for multiphase problems. The algorithm requires sweeps over the particles to determine the volume distribution,
density, rate of change of volume (continuity equation), and the acceleration. The following simple algorithm
(according to Monaghan and Rafiee [11]) is capable of handling the density ratios that normally occur. The
continuity and momentum equations in this algorithm are:
m
di
  i  j (u j  ui ).iWij
dt
(5)
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The following form of Rij is used according to Monaghan [12] and Grenier et al. [10]:
𝜌𝑑 − 𝜌𝑙 𝑃𝑖 + 𝑃𝑗
𝑅𝑖𝑗 = 𝐾 ∗ (
)|
|
𝜌𝑑 + 𝜌𝑙
𝜌𝑖 𝜌𝑗

(7)

where ρd and ρl are the reference density of the denser and the lighter fluid, respectively, and K is a free coefficient.
In multiphase systems viscosity, discontinuity happens when phases have different viscosities. Therefore,
we use Owen’s equation (see [13]) for an interface viscosity which is used in the laminar viscosity term of equation
4 instead of viscosity parameter v.
𝜗𝑚𝑖𝑥 =

𝜗𝑓𝑙𝑢𝑖𝑑
𝜌
1+𝐶 𝑠
𝜌𝑓

(8)

where ρs and ρf are the sediment and fluid density, respectively, and C is the concentration of solid particle which
is defined as:
𝐶=

∑𝑗≠𝑖 𝛿𝑠𝑓 𝑊𝑖𝑗
∑𝑗≠𝑖 𝛿𝑠𝑓 𝑊𝑖𝑗 + ∑𝑗≠𝑖(1 − 𝛿𝑠𝑓 )𝑊𝑖𝑗

𝛿𝑠𝑓 = {

0
1

for fluid particle
for solid particle

(9)

For modeling the sediment herein, the Bingham fluid assumption is used which is due to the nonNewtonian behavior of shear stress distribution for the sediment particles. Bingham model can be stated on two
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different behaviors. The first is the solid behavior which is below the yield stress point and second is above this
point as fluid behaves similar to the Newtonian fluid with a constant viscosity.
In this study, the numerical computation effective viscosity  eff is used to simulate the Bingham fluid
behavior as:
𝜇𝑒𝑓𝑓 = 𝜇𝐵 +

𝜏𝑦
𝐷

(10)

To define the effective viscosity, the general Cross model is as follows according to [5]:
𝜇0 − 𝜇𝑒𝑓𝑓
= (𝐾𝐷)𝑚
𝜇𝑒𝑓𝑓 − 𝜇∞

 B and  y

where

(11)
are the Bingham viscosity and yield stress, respectively. Moreover,

0

and



are viscosity

at very low and very high shear rates, respectively; K and m are constant parameters. The shear rate which is
simplified in 2D is defined as:
𝜕𝑢 2
𝜕𝑣 2
𝜕𝑢 𝜕𝑣 2
𝐷 = √2 ( ) + 2 ( ) + ( + )
𝜕𝑥
𝜕𝑦
𝜕𝑦 𝜕𝑥

(12)

Considering m in equation 11 as unity, the effective viscosity in a Cross model is expressed as:
𝜇𝑒𝑓𝑓 =

𝜇0 + 𝐾𝜇∞ 𝐷
1 + 𝐾𝐷

(13)

By comparing the above equation with equation 10, the other parameters under KD  1 are defined as:
𝜇
𝐾 = 0 and 𝜇∞ = 𝜇𝐵
𝜏
𝑦

(14)

The remaining unknown parameter in the equation 13 is the viscosity at low shear rate (  0 ). This
viscosity should have a large value to fix and freeze the particles when the shear rate is very low. So, in this study,
the viscosity at low shear rate is set as  0  10 3   . Due to continues variation of effective viscosity and in order
to avoid the numerical instability, the Cross model (equation 13) is suggested [5].
The sediment–water mixture is the two-phase flow that sediment is treated as a non-Newtonian and water
is a Newtonian fluid. In this paper, we use the effective viscosity, which is identified as Cross model, for each
sediment particle, and for the interface between two phases we use equation 8.
To calculate the pressure term and to avoid solving the Poisson equation of incompressible fluids at each
time step, in weakly compressible form of SPH, the Tait’s equation of state is used [14]:
𝜌 𝛾
𝑃 = 𝐵 [( ) − 1] + 𝜒
𝜌0

(15)

Where  0 is the reference density and B  cs2  0 /  where   7 is typically used to induce strong pressure
response to density variations, such that the density variation remains small enough for the fluid volume to be
conserved and cs being the corresponding speed of sound.
In two-phase flows, [15] suggested additional term back pressure, X, in addition to modify the bottom
phase pressure. This back-pressure term is the column of water above each SPH sediment particle which is updated
at each time step. This term is added for two-phase flow to ensure that the excessive pressure of water
corresponding to the column of water above the sediments is calculated for sediment, while it is zero for water
[15]. This numerical simulation could be found in [16] in detail.

3.

NON-NEWTONIAN FLUID

The Bingham fluid as a non-Newtonian fluid is studied by comparison of the dam-break SPH model
using Cross model with the experimental [4] and numerical [5,6] models with the ISPH (Incompressible SPH)
and SPH methods. In these studies, channel bed slope S0=0.1% is considered. The density of mudflow is 1200
Kg/m3, the yield stress  y  25 Pa and viscosity  B  0.07 Ns / m 2 are reported by [4].
Figure 1 shows the propagation of the Bingham fluid in present study in comparison with the numerical
study by [5] that used ISPH method at t=0.1, 0.3, and 0.6s.
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Figure 1. Mudflow profile in dam-break problem; left column is studied by [5]; right
column is the present study
The dimensionless comparison on the experimental [4], Capone’s SPH numerical [6] studies and the
present model illustrate in figure 2. This figure shows the present model has almost proper behavior in compare
with experimental study. In this figure, H is the initial depth of fluid and x is the propagation length of fluid. T
and ε are the dimensionless form of time and propagation length, respectively.
8/0
7/0
6/0
5/0

Experimental study

4/0

Capone SPH (2010)

2/0

Present study

𝑇

3/0
1/0

0/0
0/0 0/5 1/0 1/5 2/0 2/5 3/0 3/5 4/0 4/5 5/0 5/5

𝜀=𝑥

Figure 2. Propagation of mudflow in compare with other studies
4.

DAM-BREAK MODEL ON THE PVC BED

The experimental model of Spinewine [2] is exerted to simulate the dam-break problem. In this
experiment, a dam-break model is studied, in which the PVC materials with diameter of 3.9 mm are used for the
saturated sediment of the bed. The study is considered in the flume with the length of 6m and a gate with a
negligible friction factor, located at the middle of flume and separates upstream and downstream. In these models,
water flows to downstream due to the gate removal, eroding the bed and subsequently changing the topography.
The schematic of the problems is presented in Figure 3 and the sediment properties are summarized in Table 1. In
these case studies, the particle spaces are 0.01 m and the CPU cost on a workstation, Core i7, 2.20 GHz, RAM
8.0 GB for 39,748 particles is about 5 h.

Figure 3. Scheme of dam-break model
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Table 1. Properties of sediments for the bed material
Material

Mean diameter of
sediment (m)

Specific density
(kg/m3)

Bulk density (kg/m3)

Friction angle
(ͦ)

PVC

0.0039

1580

1336

38

In this test case, the flume bed is cover with the PVC pellets sediment which has a flat surface bed. Figure
4 presents the SPH dam-break of this test case at 0.25, 0.50, 0.75 and 1.0s compared with experimental studies.

Figure 4. The snapshots of dam-break problem on PVC bed study at t=0.25, 0.50, 0.75,
1.0s (compared with [2])
As the figures show, after removing the gate, water flows to the downstream while the shear stress
increases and it becomes unstable with erosion. Large erosion is happened near the gate while the sediments
distribute to the downstream and deposit far from the gate. Increasing the bed elevation is occurred behind the
wave front due to the erosion beneath the front. As the figure shows, the bed is not decreased monotonously but
series of humps and troughs are generated due to the wave propagation.

Figure 5. Free surface and bed surface changes on PVC bed study at t=0.25, 0.50, 0.75,
1.0s (compared with [2])
Here, the SPH simulation is in a good agreement with experimental studies as also shown in Figure 5.
This Figure compares the SPH surface elevation with the results of [2]. As shown, the rheological model of bed
is reasonably treated, and the results are in good agreement. It is worth mentioning that the snapshots of
experimental model are taken from the side of flume. This may be the reason of discrepancy between SPH and
experimental snapshots.
To quantify the existing error in the calculation of water and sediment surface elevation, the relative error
norm (  L 2 ) is defined to provide a good measureable precision. RSM error is defined as [7]:
1⁄2

𝜀𝐿2 = (

2
∑𝑁
𝑖=1(∆𝐻)𝑖
)
𝑁
2
∑𝑖=1(𝐻)𝑖

(16)
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where H is the deviation of numerical water surface/sediment bed surface elevation from the experimental
values (H) and N is the number of points at which the elevations are compared. The sediment and water surfaces
of numerical results are compared with their related points in a deformed area according to Shakibaeinia and Jin
[7]. The errors of the free surface and bed surface SPH model according to the experimental ones are illustrated
in Table 2. The results indicate the reasonable behavior of the rheological model is used in this article.

Table 2. The relative error,  L 2 , between experimental and numerical results
Time(s)
Error in free surface
Error in bed surface

0.25
0.046
0.057

0.50
0.034
0.096

0.75
0.045
0.105

Figure 6 presents the difference between three models of simple Newtonian Owen’s relation (Figure 6b),
Bingham–Cross model (Figure 6c), and Bingham–Cross model coupled with Owen’s relation (Figure 6d).
As these figures show, the Bingham–Cross model coupled with Owen’s relation has a better result at
t=0.25s and correctly treated as a PVC sediment bed with time proceeding in comparison with experiments. In
this model, equation 8 is used for the interface of water and sediment (Figure 6d). In this method, the sediment
particles have granular behavior where sediment particles are pushed and eroded with water particles. Therefore,
there are some isolated particles for fluid in sediment area and for sand in water area. Although, the behavior of
sediment using equation 8 results in a noisy pressure distribution at the interface (See Figure 7) but according to
Figure 6 it gives a better interface in comparison with experiment. Figures 8 and 9 present the relative errors of
free surface and bed surface, respectively.
Figure 8 presents a better result of current study than the model proposed by [7]. As this figure shows,
the error of both models is not significant at t=0.25s but with time proceeding this error increases until t=0.5s and
after that the error becomes constant.

Figure 6. Dam-break problem over PVC bed; a) experiment of [2]; b) the Newtonian
Owen’s relation; c) the Bingham-Cross model; d) the Bingham-Cross model coupled
with Owen’s relation
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Figure 7. Particle distribution and pressure field for a) Bingham-Cross model and b)
Bingham-Cross model coupled with Owen’s relation at the interface

Figure 8. Comparison between the
relative errors for the free surface

Figure 9. Comparison between the relative
errors for the sediment bed surface

As Figure 9 shows, at t=0.25s, the error of sediment bed surface of current study is close to MPS and
less than the [8] model who used only Cross model. With the time proceeding, the error of the current study
increases less than the MPS model and close to the errors of [8] SPH model to t=0.75s. The errors of both SPH
models (present and [8] studies) with the time proceeding are close to each other and less than the model of [7].
The results for t=1.0s have not reported by these researchers.

5.

CONCLUSIONS

Here, we used the SPH method to model violent flow over a movable bed where sediment is considered
as a Bingham fluid. The study of mudflow was done and compared with the experimental and numerical studies
to validate the Bingham-Cross model. The comparison was illustrated that the Bingham-Cross model has proper
ability to simulate the mudflow. In the two-phase model, the Bingham–Cross model that coupled with Owen’s
relation is used to simulate the sediment bed with a careful study of the water–sediment interface. This study
shows, in water-sediment models, sediment at the interface does not treat as the Bingham behavior exactly. We
have used available experimental and numerical methods to validate our results.

149

Long-Term Behaviour and Environmentally Friendly Rehabilitation Technologies of Dams (LTBD 2017) DOI:10.3217/978-3-85125-564-5-019

6.

REFERENCES

1. Raudkivi, A.J. (1998), “Loose boundary hydraulics”, A.A. Balkema, Rotterdam.
2. Spinewine, B. (2005), “Two-layer flow behaviour and the effects of granular dilatancy in dam-break induced
sheet-flow” PhD thesis, Univerisite´ de Louvain, Belgium.
3. Gómez-Gesteria, M., Crespo, A.J.C., Rogers, B.D., Dalrymple, R.A., Dominguez, J.M., and Barreiro, A.
(2012), “SPHysicsdevelopment of a free-surface fluid solver—part 2: efficiency and test cases” Comput
Geosci. http://www.Sphysics.org
4. Komatina, D. and Jovanovic, M. (1997), “Experimental study of steady and unsteady free surface flows with
water-clay mixtures,” J Hydraul Res 35(5), pp. 579-590.
5. Shao, S. and Lo, Y.M.E. (2003), “Incompressible SPH method for simulating Newtonian and non-Newtonian
flows with a free surface” Adv Water Resour, 26, pp. 787–800.
6. Capone, T. (2010), “SPH numerical modeling of impulse water waves generated by landslide” PhD thesis,
Sapienza University of Rome.
7. Shakibaeinia, A. and Jin, Y.C. (2011), “A mesh-free particle model for simulation of mobile-bed dam break”
Adv Water Resour 34. pp. 794–807.
8. Razavitoosi, S.L., Ayyoubzadeh, S.A. and Valizadeh, A. (2014), “Two phase SPH modelling of waves caused
by dam break over a movable bed” Int J Sedim Res 29(3), pp. 344–356.
9. Monaghan, J.J. (1992), “Smoothed particle hydrodynamics” Ann Rev Astron Astrophys, 30, pp. 543–574.
10. Grenier, N., Antuono, M., Colagrossi, A., Le Touze, D., Alessandrini, B. (2009) “An Hamiltonian interface
SPH formulation for multifluid and free surface flows” J Comput Phys 228, pp. 8380–8393.
11. Monaghan, J.J. and Rafiee, A. (2013). “A simple SPH algorithm for multifluid flow with high density ratios”
Int J Numer Meth Fluids, 71, pp. 537–561.
12. Monaghan, J.J. (2012). “Smoothed particle hydrodynamics and its diverse applications” Annu Rev Fluid
Mech, 44, pp. 323–346.
13. Gotoh, H. and Fredsøe, J. (2000), “Lagrangian two-phase flow model of the settling behavior of fine sediment
dumped into water” In: Proceedings of the ICCE, Australia, pp. 3906–3919.
14. Batchelor, G.K. (1967), “An introduction to fluid dynamics” Cambridge University Press, Cambridge
15. Colagrossi, A. and Landrini, M. (2003), “Numerical simulation of interfacial flows by smoothed particle
hydrodynamics” J Comput Phys, 191, pp. 448–475.
16. Omidvar, P. and Nikeghbali, P. (2016), “Simulation of violent water flows over a movable bed using smoothed
particle hydrodynamics,” J Mar Sci Technol, DOI: 10.1007/s00773-016-0409-7.
17. 1Chang, H.Y., Simons D.B. and Brooks R.H. (1967), “The Effect of Water Detention Structures On River and
Delta Morphology,” Symp. On River Morphology, General Assembly Iugo, Bern, Switzerland.
18. Sugio, S. (1972), “Laboratory study of degradation and aggradation a discussion,” Proc. ASCE, Vol. 98, No.
WW4.
19. Fan, J. and Morris, G. (1992), “Reservoir sedimentation. I: delta and density current deposits,” Journal of
Hydraulic Engineering, Vol. 118, pp. 354-369.
20. Morris, G. and Fan, J. (1998), “Reservoir Sedimentation Handbook, Design And Management Of Dams,
Reservoirs, And Watersheds For Sustainable Use,” McGraw- Hill companies, Washington. 1800p.
21. Shieh, C., Tseng, C., and Hsu, M. (2001), “Effect Of Sediment Gradation On The Geometry Of River Deltas,”
International Journal of Sediment Research, vol.16, pp. 45-59.
22. Kostic, S. and Parker, G. (2003), “Progradational Sand-Mud Deltas in Lakes and Reservoirs, Part 2,
Experimental and Numerical Simulation,” Journal Of Hydraulic Research, Vol.4, No.2, P.P. 127-140.
23. Lai, S. Y. J. and Capart, H. (2007), ”Two-Diffusion Description of Hyperpycnal Deltas,” J. Geophys. Res.,
112, F03005.

150

Long-Term Behaviour and Environmentally Friendly Rehabilitation Technologies of Dams (LTBD 2017) DOI:10.3217/978-3-85125-564-5-019

24. Lai, S. Y. J. and Capart, H. (2008), “Response of Hyperpycnal Deltas to A Steady Rise in Base Level,” 5th
IAHR Symposium on River, Coastal and Estuarine Morphodynamics.
25. Lai, S. Y. J. and Capart, H. (2009), “Reservoir Infill by Hyperpycnal Deltas Over Bedrock,” J. Geophys. Res.
Lett., 36, L08402.
26. Dewals, B.J., Kantoush, S.A., Erpicum, S., Pirotton, M. and Schleiss, A.J. (2008), “Experimental and
numerical analysis of flow instabilities in rectangular shallow basins,” Environ Fluid Mech. 8:31–54.
27. Dufresne, M., Vazquez, J., Terfous, A., Ghenaim A., Poulet, J.B. (2009), “Experimental investigation and
CFD modelling of flow, sedimentation, and solids separation in a combined sewer detention tank,” Computers
& Fluids, Vol. 38, pp. 1042–1049.
28. Dufresne, M., Dewals, B.J., Erpicum, S., Archambeau, P. and Pirotton, M. (2010), ‘Experimental investigation
of flow pattern and sediment deposition in rectangular shallow reservoirs,” International Journal of Sediment
Research, Vol. 25, No. 3, pp. 258–270.
29. Dufresne, M., Dewals, B.J., Erpicum, S., Archambeau, P. and Pirotton, M. (2010), “Classification of flow
patterns in rectangular shallow reservoirs,” Journal of Hydraulic Research, Vol. 48, No. 2, pp. 197–204.
30. Dufresne, M., Dewals, B.J., Erpicum, S., Archambeau, P. and Pirotton, M. (2011), “Numerical Investigation
of Flow Patterns in Rectangular Shallow Reservoirs,” Engineering Applications of Computational Fluid
Mechanics, Vol. 5, No. 2, pp. 247–258.
31. Camnasio, E., Orsi, E. and Schleiss, A.J. (2011), “Experimental study of velocity fields in rectangular shallow
reservoirs,” Journal of Hydraulic Research, Vol. 49, No. 3, pp. 352–358.
32. Camnasio, E., Erpicum, S., Orsi, E., Pirotton, M., Schleiss, J. and Dewals, B. (2013), “Coupling between flow
and sediment deposition in rectangular shallow reservoirs,” Journal of hydraulic research, Vol. 51, No. 5, pp.
535–547.
33. Mamizadeh, J., Ayyoubzadeh, S.A. and Banihashemi, M.A. (2012), “Experimental study of hydraulicsediment properties on deltaic sedimentation in reservoirs,” International Research Journal of Applied and
Basic Sciences, Vol., 3 (4), 810-816.
34. Sediqkia, M. (2011), “Experimental study on the Effect of Inflow Hydrograph and Non-uniform Graded
Sediment Particles on the Rate of Progression and Delta Pattern in Reservoir,” MSc Thesis, Tarbiat Modares
University (in Persian).
35. Heydari, M. (2013), “Experimental study of the effect of internal flood hydrograph and non-uniform graded
sediment particles on the rate of progression and delta pattern,” MSc Thesis, Tarbiat Modares University (in
Persian).
36. Cherdron, W., Durst, F. and Whitelaw, J.H. (1978), “Asymmetric flows and instabilities in symmetric ducts
with sudden expansions,” Journal of Fluid Mech., 84(1), 13-31.
37. Durst, F., Melling A. and Whitelaw J. H. (1974), “Low Reynolds number flow over a plane symmetric sudden
expansion,” J. Fluid Mech., Vol. 64, part 1, pp. 111-128.
38. Sobey, I. J. (1985), “Observation of waves during oscillatory channel flow,” J. Fluid Mech. 151,395-426.
39. Fearn, R. M., Mullin, T. and Cliffe, K.A. (1990), “Nonlinear flow phenomena in a symmetric sudden
expansion,” J. Fluid Mech., 211, 595-608.
40. Shapira, M., Degani, D. and Weihs D. (1990), “Stability and existence of multiple solutions for viscous flow
in suddenly enlarged channels,” Computers & fluids, 18, 3,239-258.
41. Chiang, T.P., Sheu, W.H. and Wang, S.K. (2000), “Side wall effects on the structure of laminar flow over a
plane-symmetric sudden expansion,” Computers & Fluids, 29, 467-492.
42. Stovin, V. R. and Saul, A. J. (1994), “Sedimentation in Storage Tank Structures,” Water Science and
Technology, Vol. 29. No. 1-2. pp. 363-372.
43. Stovin, V. R. and Saul, A. J. (2000), “Computational Fluid Dynamics and the Design of Sewage Storage
Chambers,” Water and Environment Journal, Vol. 14, pp.103–110.

151

