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1 INTRODUCTION

Schrodinger equations and the corresponding Schrodinger operators are essential objects in quan-
tum mechanics and have consequently attracted an enormous mathematical interest. In the the-
sis at hand we are concerned with the special class of Schrodinger operators with so called
d-interactions. Such operators are used, for example, to model photonic crystals or systems with
short range interactions. We will realize these operators as singular perturbations of the free
Laplacian.

A Schrodinger operator with a §-interaction of strength é, o € R\ {0}, supported on a discrete
set or on a manifold £ C R? is an operator associated with the formal differential expression
—A— é(?z, where 8y denotes the §-distribution on X. The formal action of this operator is given
by
1
uH—Au—au|252. (1.1)

Such an operator can be used as an idealized model of a Schrodinger operator with a potential
which has relatively high values or even a singularity on X and which vanishes away from X. For
example, already in [46]], Kronig and Penney considered periodic rectangular potentials which
become in the limit a sequence of equally distributed §-point interactions in R. A systemati-
cal mathematical treatment of §-interactions which yields a justification for the replacement of
classical potentials by d-interactions can be found for example in the monograph [5] and the
papers [[7,131},331/53./60].

Within the study of §-interactions it turns out that the codimension of the interaction support £
is more important than the dimension of the Euclidean space R? in which X is embedded. For
example the way how to define a §-interaction on a curve in R? is more similar to the way how
to define a 8-interaction on a surface in R? than on a curve in R3. In particular the task of giving
a proper definition of a Schrédinger operator with a §-interaction becomes progressively more
difficult with increasing codimension of the interaction support.

We will tackle this problem from a more abstract point of view and consider first singular pertur-
bations of a selfadjoint operator A in a Hilbert space H° which can be formally written as

Ag =A—Go~'G". (12)

Here G is a continuous injective operator from another Hilbert space G into H %\ H~*1u{0},
where H % is an element in the chain of rigged Hilbert spaces

L OH o o TN DK D DH D ... (1.3)
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generated by A with H? := domA. The operator A : H® — H 2 is an extension of A and the
parameter ¥ is an invertible operator in G. For technical reasons we will assume A > 1.

Such singular perturbations were considered for example in [47,[61]] for the case that G is a rank
one map and in [23]] for the case that G is a finite rank operator. The approach used in this thesis
is an extended version of the one in [23]] and allows also maps G with infinite rank, which is
necessary to apply it to d-interactions supported on manifolds. If the map G has finite rank our
approach reduces to the one in [23]]. The same idea was also used in [62]]. For another concept
to handle infinite dimensional perturbations see for example [22]].

It turns out that the index k has a major impact on the way how to interpret the formal expression
Ay in (TZ2). If k = 1 one can define in a very intuitive way selfadjoint operators associated with
Ay. If k =2 such an approach will just lead to operators which are restrictions of A. Hence it is
not possible to define selfadjoint perturbations of A in this way. This problem can be solved by
slightly modifying the expression Ay in (I.2)) to

As=A—GO~ 'GP, (1.4)

where P is a suitable projection. If k > 2 also such a modification will not lead to selfadjoint
operators in H°. Roughly speaking this is caused by the fact that the difference between a
nontrivial element in the range of G and a nontrivial element in the range of A never belongs to
HP. In other words the perturbation is too singular. We will call this case the supersingular case.
To handle this situation we have to extend the space 7 to a larger Krein space K. In this space
we are able to define selfadjoint operators (with respect to the inner product of K) whose action
can be seen as a shifted version of the one resulting from Ay.

For any k our approach leads to a generalized boundary triple which enables us to parameterize
the operators Ay corresponding to the expression Ay (or Ay). Boundary triples and their gen-
eralizations have turned out to be a helpful tool in extension theory of symmetric operators. In
particular we get a Krein type resolvent formula

(Ap=2) = (A=) =y()[8-MA)]'¥(A)', Aep(Ag)Np(d), (15

which establishes a connection between the operator Ay and the parameter ¥+ via a holomor-
phic function M. This function M, the so called Weyl function, is the analog of the classical
Titchmarsh-Weyl m-function from Sturm-Liouville theory. Together with Krein’s resolvent for-
mula the Weyl function allows in many cases a detailed analysis of the operator Ay and its
spectrum.

We will use the same strategy for Schrodinger operators with d-interactions on a manifold X in
R<. Therefore we have to identify the objects from the abstract approach described above in our
situation. The operator A is given by —Agee + 1, where —Ag is the free Laplacian in L>(RY)
with domain H?(R?). The rigged Hilbert spaces in (I23) generated by A become the Sobolev
spaces H*(R9), s € Z, and the Hilbert space G is L*(X). The S-distribution on X with weight



function & € L*(X) is defined by

(h5;)(p:z/h~(p\zd0, ¢ € HA(RY),
z

and belongs to a Sobolev space H*(R?) of a certain negative order —k, depending on the codi-
mension of ¥. Hence the operator

G:L*(X) —» HXRY), h— héy,

fits into our scheme. Note that G* : H*(R?) — L?(X) is given by G*u = uls. On a purely formal
level we have now for ¥ = oo € R\ {0}

Agu=(A—GO7'G")u= (—A+ Du— o 'ulsds,

which coincides (up to the constant +1) with the mapping given in (I-I). The rigorous defini-
tion of the corresponding operator Ay is done with the help of the generalized boundary triple
resulting from the abstract approach. If the codimension of X is 1 this generalized boundary
triple coincides with the one which was used in [12]] to define Schrédinger operators with §-
interactions on boundaries of bounded C*-domains in R¢. Hence these Schrédinger operators
coincide with the operators Ay (up to the constant +1). It was shown in [12]] (see also Remark 4.1
in [|18]) that their definition of a Schrédinger operator with §-interaction coincides with the usual
definition as the representing operator of the semi-bounded sesquilinear form

t[bt,\/} = <VM,VV>L2<Rdjcd) - <1971M|):7V‘E>L2(Z), domt = ]‘I1 (Rd)

This definition is used for example in [31,33,36]44],45.65]] as well as in the recent publication
[26], see also the more general approach via Radon measures in [18], which contains the situation
above as a special case. If the codimension is 4 or larger we are in the supersingular case k > 2
and the whole situation becomes more complicated because we have to extend the space L?(R?)
to a larger Krein space. We leave it for future works to check how the operators obtained in
this way are connected with operators introduced by other authors to handle such problems, e.g.
in [21]].

The main focus of our application is on the situation that ¥ is a manifold of codimension 2, which
corresponds (as well as the situation of codimension 3) to the case k = 2. The abstract approach
yields a generalized boundary triple which enables us to parametrize operators Ay corresponding
to the expression Ay in (TZ). The challenging question which appears now is how we have to
chose the parameters ¥ such that the resulting operators coincide with those operators, which are
known in the literature as Schrodinger operators with §-interactions.

Schrodinger operators with §-interactions on curves in R? were already considered in [[17]] for
the special case of a straight line and in [48,49] for smooth infinite or closed curves. Other
works which deal with such operators are for example [[15,29,32,35,{43|]. The definition of these
operators is inspired by the case of a §-point-interaction in R? and uses a “boundary” condition
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at the curve. An alternative way to define these operators was given in [65] via a quadratic form
in L2(Z).

Our approach is a special case of [54]] and strongly inspired by the one used in [[63]] to define
S-interactions on curves in R3. We will generalize it (after a small modification such that it fits
better into our theoretical scheme) to §-interactions on manifolds of codimension 2 in R? for
arbitrary d. The essential part of this approach is an operator which we will call “the generalized
trace operator”. With this generalized trace we are able to construct operators @ in L?(X) which
parametrize Schrodinger operators with J-interactions of an arbitrary given strength on X, cf.
Definition f.T7} Furthermore, the generalized boundary triple which is used for this parametriza-
tion provides a Krein type resolvent formula as in (T.3]). For an optimal utilization of this formula
a deep understanding of the generalized trace is needed. As the properties of this operator depend
on the space dimension and on the geometry of ¥ we will concentrate for the spectral analysis
again on the case of a closed curve in R?. We will show in Theorem [4.23] that the singular values
of the resolvent difference

(_AZ,a - 2’)—1 - (_Afree - A)_1> ﬂv S p(_AZ,a) mp(_Afree)7
counted with multiplicities satisfy

1

5i(A) = O<W) as  j— oo,

In particular, this implies that the resolvent difference belongs to the trace class, which was al-
ready shown in [[19] (see also Remark 4.1 in [29] for a similar result in the case of a §-interaction
of periodic strength on a straight line in R?). Moreover, by using a Birman-Schwinger principle,
we obtain in Theorem @ estimates for the number of negative eigenvalues of —Ay 4 similar to
those in [43]] (see also [19]). A more explicit estimate is given in Corollary [f.27] that leads to an
asymptotic estimate similar to the one in Theorem 3.3 in [34]]. In Theorem f.28 we show that the
lower bound of —Agy ¢ is maximized if the curve X is a circle (by fixed length and strength). The

proof is analog to the proof of the two-dimensional equivalent in [28,30].

At the end of this introduction we will give a brief overview on the structure of this thesis. In
Chapter ] we provide some definitions and basic properties of boundary triples, Friedrichs exten-
sions, Sobolev spaces and other concepts, which will be used in this work. Chapter [3]is devoted
to the abstract approach. Starting with a selfadjoint operator A > 1 in a Hilbert space H° we
will construct in the first section of Chapter [ the chain of Hilbert spaces from (I3) and ex-
tend the operator A onto spaces H* with negative index. Furthermore we construct a generalized
boundary triple (G,I9,I";) which depends on the index k. In Section we discuss how we
can parametrize the operators corresponding to the formal expression .4y in with this triple
if k =1 and apply it to Schrodinger operators with d-interactions supported on boundaries of
C-domains. In Section B3] we give a brief discussion of the case k = 2, but without applica-
tions. This will be done in the following chapter. In Section [3.4] we analyze the supersingular
case k > 2. For this we extend the Hilbert space H° to a larger Krein space and construct an
ordinary boundary triple (G,To,I'1). Also in this case an application to 8-interactions is given.



Chapter[]is devoted to Schrodinger operators with §-interactions on manifolds of codimension 2
and uses the abstract approach from Chapter [3] in particular from Section [3-3] In Section T we
investigate the generalized boundary triple in this case and the corresponding y-field and Weyl
function. In SectionF.2] we present some first spectral results for the operators Ay corresponding
to the formal expression Ay in ([4). The generalized trace is constructed in Section .3 and is
used afterwards to identify the correct parameter ¥ such that the operator Ay coincides (up to a
constant) with the Schrédinger operators with d-interactions on the manifold. In Section @ we
consider the special case that the manifold is a closed curve in R? and provide a detailed spectral
analysis.

Note that large parts of Chapter ] and in particular of Section .4 where already published by the
author in [g]].






2 PRELIMINARIES

This chapter contains definitions and basic properties of boundary triples, Friedrichs extensions,
Sobolev spaces and other concepts, which we will need in this thesis.

2.1 Notation and basic properties

By R and C we will denote the real and complex numbers, respectively. The natural numbers are
denoted by N, whereas Ny denotes the set of nonnegative integers. The set of integers is denoted
by Z.

All Hilbert and Krein spaces in this thesis are supposed to be separable.

All sesquilinear forms like scalar products or Krein products are linear in the first entry and
antilinear in the second one.

A linear relation in a Hilbert or Krein space # is a linear subspace of H x H.
We write elements in H x H as {u,u'} or {u’} with u,u’ € H.

If A is a linear relation in H then we denote by
(i) domA :={u € H : 3 € H with {u,u’} € A} the domian of A,
(ii) ranA := {u’ € H : Ju € H with {u,u’} € A} the range of A,
(iii) kerA :={u € H :{u,0} € A} the kernel of A and by
(iv) mulA :={u’' € H : {0,u'} € A} the multivalued part of A.

All operators in this thesis are linear operators. If A is a linear operator in A then the graph of A
is a linear relation in . As usual we will not distinguish between an operator and its graph.

If H and K are Hilbert or Krein spaces we denote by L(#,K) the set of all bounded linear
operator from H to K whose domain is the whole space 7. Note that all these operators are
closed. As usual we define L(H) := L(H,H).

We define the resolvent set p(A) and the spectrum o (A) of a linear relation A by

p(A):={AecC:(A-L) e L(H)} and o(A):=C\p(A).
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Special subsets of o(A) are the point spectrum c,(A), the continuous spectrum o.(A), the dis-
crete spectrum 04(A) and the essential spectrum Gegs(A), which are defined by

0p(A) :={A €C:ker(A—A) #{0}},

0:(A):={A € 6(A) :ker(A — ) = {0}, ran(A — 1) = H},

04(A) :={A € 6,(A) : dimker(A —A) < eoand 3 € > 0 with B¢(A) N (A) = {A}},
Oess(A) := 0(A) \ 04 (A),

respectively. Note that p(A) = 0 if A is not closed.

If A is a linear relation in the Hilbert space A with scalar product (-, -)3, then we define its adjoint
by

A = {{vV} e H xH: (vu')y = (V',u)y forall {u,u'} € A}.
A is called symmetric if A C A* and A is called selfadjoint if A = A*. If A is a densely defined

operator these definitions coincide with the usual definitions of the adjoint operators.

Analogously, the Krein space adjoint of a linear relation A in the Hilbert space X with inner
product [-, -]k is defined by

AT ={{w} e KxK: [vu]x = [V, ulx forall {u,u’} € A}.
A is called symmetric (selfadjoint) with respect to [-, -], if A CAT (A =A™).
Let 7 be a Hilbert space, 7' C H a subspace which is a Hilbert space by itself and denote by

H* and (H')* the corresponding dual spaces. Then the inclusion (H')* D #* holds. According
to the Riesz representation theorem we can identify H* with # and get the inclusion

H' CHC (MY

In this case the (sesquilinear) dual pairing (@, u) ;1 (31~ coincides with the scalar product (¢, u)
for all ¢ € H! and u € H. If G is another Hilbert space, G'CcgGa subspace which is a Hilbert
space by itself and G : #! — G! an operator, then the adjoint operator G* : (G!)* — (H!)*
is defined by (G@,u)g g1y = (9, G u)p (31)- for @ € G' and u € (G")*. Analogously if
G:H—-G.,G: (’Hl)* — G, etc. It will be clear from the context which Hilbert spaces will be
identified with their dual spaces. In particular if G : H — G and both spaces are identified with
their dual spaces this definition of the adjoint operator coincides with the one given above.

The following lemma provides a helpful decomposition of domains of linear operators.

Lemma 2.1. Let A and T be operators in the Hilbert space H such that A = A* C T holds. Then
the decomposition

dom7 = domA +ker(T — 1)

holds for all A € p(A), where + is the direct sum in the Hilbert space H.
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Proof. Let u € domT be arbitrary. As A € p(A) we know (A —A)~! € £(H). Hence v:=
(A—A)"YT — A)u € domA is well defined and satisfies (A —A)v = (T —A)u. As T is an
extension of A we getalso (T —A)v= (T —A)u, i.e.w:=u—v € ker(T —1). Hence

u=v+we domA+ker(T — 1)

and therefore dom7 C domA + ker(7 — A4). The other inclusion is trivial as 7' is an extension
of A. It remains to show, that the sum is direct. For this let u € domA Nker(7T —A). As T is an
extension of A we have Tu = Au. Hence

A=Au=(T—-A)u=0
Due to A € p(A) it follows u = 0. Hence domA Nker(7T — 1) = {0}. O

Furthermore we will need the following special case of the well-known min-max-principle. For
the sake of completeness we will give a proof although similar proofs can be found in the litera-
ture, see for example the proof of Theorem 12.1 in [50].

Lemma 2.2. Let A be a selfadjoint operator in the Hilbert space H which is bounded from above
and which has no essential spectrum, i.e. 6(A) just consists of isolated eigenvalues with finite
multiplicities. Denote these eigenvalues in nonincreasing order and counted with multiplicity by
Vi, k € N. Then

<Au7 u)H

V= m m ==
UCdomA ucU\{0} Hu”H
dimU=k

Of course it is assumed above that U in the maximum is a linear subspace of H.

Proof. As A is selfadjoint with 6(A) = 6,,(A) there exists an orthonormal basis (u,),cn of eigen-
vectors, i.e.

Ay, = Vyuy, (U, tm) 1 = Opm and span{u, :n € N} =H.

For k € N define Uy := span{uy,...,u}. Letu = ):’J‘-:l ojuj € Uy. Then

M=
M=

(Au,u}H = ajﬁl<Auj,u,)H =

1 J

o 0q v (ujs ur)u
——
81

.M*
™=

~.
i
T
i
[

|0‘J‘ Viluj,uj)y > Vi Z ‘O‘J (uj,uj)y = VkH””%—t
j=1

M»

Il
—_

J

and hence min, ¢y, {0} Ay >’* > V. On the other hand we have

Hu\l

(Aug,up)y (Vi i)y
= =W

el lluk13,
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and hence min,cy,\ {0} % = V. Let U # Uy, be an arbitrary subspace of 7 with dimension

k. Hence U Nspan{u, : n > k} # {0}. Let

u=Y, au; (Unspanfu, 0= 1)\ {0).
j=k

Hence
2 2 2
(Auuyyy = Y oGP viujug) < vie Y Lol (uj,ug)p = villul|3,-
Jj=k Jj=k
Hence min, ¢\ (0} % < V. As this is true for every subspace U # Uy with dimU = k and
H
. Au,u
min, ey, {0} W = v, we get
. Au,u
m in % = W.
UCdomA ueU\{0} [|ul]3,
dimU=k
Note that all minima and maxima are attained. O

2.2 Ordinary and generalized boundary triples

In this section we will introduce the abstract concept of ordinary boundary triples. This concept
goes back to [42] and [20] (see also [67]] for a special cases of an ordinary boundary triples) and
is used to describe extensions of a given symmetric operator. We will also define so called gen-
eralized boundary triples, cf. [25]]. Another generalization of ordinary boundary triples (which
contain generalized boundary triples) are quasi boundary triples, cf. [9].

We start with the definitions of ordinary and generalized boundary triples.

Definition 2.3. Let S be a closed symmetric linear relation in the Hilbert space H. Let G be
another Hilbert space and let I'p,I'; : S* — G be linear mappings. The triple (G,I,I") is called
an ordinary boundary triple for S* if

() T':= (IE?) : §* — G x G is surjective and
(ii) the abstract Green’s identity
<u'7v>7.[ — (u,v')H = <F1127r017>g - <r012,r]\7>g
holds for all 4 = {u,u’} and ¥ = {v,V'} € §*.

Analogously we define an ordinary boundary triple for the case that S is a symmetric linear
relation in the Krein space K (with (-, -}, replaced by [, -]« and S* replaced by S™).
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Also in the next definition the Hilbert space can be replaced by a Krein space (see for example
Definition 2.1 in [6]]), but in the following we will just need it for Hilbert spaces.

Definition 2.4. Let S be a closed symmetric linear relation in the Hilbert space H and T be a
linear relation in 4 with T = S*. Let G be another Hilbert space and let I'g,I"; : T — G be linear
mappings. The triple (G,To,I'1) is called a generalized boundary triple for S* if

(1) T is surjective,
(ii) A :=kerI is selfadjoint and
(iii) the abstract Green’s identity
(' V)3 — (u,V')gy = (D12, ToP)g — (Coit, T'19)g
holds for all 4 = {u,u’} and V= {v,V'} € T.

Remark 2.5. In the following we will call the maps I'y and I'y boundary maps and the Hilbert
space G boundary space. If T is an operator it is more convenient to define the boundary maps I'y
and I'; just on dom7 instead of on 7. One can show that if (G,Ty,I'}) is an ordinary boundary
triple A := kerI'g is always selfadjoint, cf. for example Proposition 2.1 in [24]]. Hence every
ordinary boundary triple is also a generalized boundary triple. Note also that it was shown
in [25, Lemma 6.1] that if (G,T'9,I'1) is a generalized boundary triple the range of I' := (F") is
dense in G x G and its kernel coincides with S, i.e. kerI" = kerI'gNkerI"; = S.

Two important functions corresponding to a generalized boundary triple are the y-field and the
Weyl function. The following two lemmas collect some well known and important properties of
these objects, cf. Lemma 6.2, Definition 6.2 and Equation (6.7) in [25]].

Lemma 2.6. Let S be a closed symmetric linear relation in the Hilbert H and let (G,To,T'1) be a
generalized boundary triple for T = S*. Let A := ker@y, define for A € p(A) the linear relation

= {{u,Au} :uecker(T—1)}
and consider the projection 7y : H x H — H, {u,u'} — u. Then the y-field defined by
Yip(A) = LGH), A= yA):=m(To [ N)~,
is a holomorphic operator valued function which satisfies
YA) =) = (A —)(A—-21)"y(p)
forall A, € p(A). Moreover, the adjoint y(A)* € L(H,G) of Y(A) for A € p(A) satisfies
YA u=T1{(A=2A) " u,u+2A(A—2)"'u}

forallu € H. If T is an operator the definition of Y(A) reads as

r(A ) (To [ ker(T —1))~" and
the identity for the adjoints can be simplified to y(A)* =T (A —A)~!



12 2 Preliminaries

Lemma 2.7. Let S be a closed symmetric linear relation in the Hilbert H and let (G,T,I'1) be
a generalized boundary triple for T = S*. Let A := kerD'y and define for A € p(A) the linear
relation

Ny = {{u,Au} 1u € ker(T —A)}.
Then the Weyl function defined by
M:p(A) = L(G), A= M@A):=T1(To I N)™",
is a holomorphic operator valued function which satisfies
M) =M(p)" = (A =m)y()"v(A)
for all A,u € p(A). In particular M(A) = M(A)* for all A € p(A). If T is an operator the
definition of M(A) reads as M(A) :=Ty(1).
Analog results of Lemma 2.6 and Lemma 7] can be shown if the space # is a Krein space, cf.
for example Section 2 in [24]] or Section 2 in [6].
If (G,I,I'1) is an ordinary boundary triple for S* it is well-known that the mapping
©—Ag:={{uu'} €5 :T{u,u'} € ©}

establishes a bijection between all selfadjoint linear relations ® in G and all selfadjoint extensions
of S. In the case that (G,I'9,I"1) is just a generalized boundary triple this is no longer true.
However, if we assume some additional assumptions we can still guarantee selfadjointness of
Ag@. The following theorem specifies a possible choice of these assumptions. The proof can be
deduced for example easily from Theorem 2.8 in [9]. Nevertheless we will prove this theorem
here because it will be essential for our further approach.

Theorem 2.8. Let S be a closed symmetric linear relation in the Hilbert H and let (G,T,T'1) be
a generalized boundary triple for T = S*. Let A := kerI'y and let © be a closed linear relation
in G. Define the linear relation

A = {{uu'} €T :T{u,u'} € O}.

If A € p(A) is chosen such that [® — M(A)]™" is an operator and rany(1)* is contained in
ran[® —M(A)] then A € p(Ae) and the identity

(Ao —2)"" =(A-2)"" +yA) O M) YA)* @0
holds. If we assume additionally that @ is symmetric and A € R then Ag is selfadjoint in H.

Remark 2.9. As already mentioned above in the case of an ordinary boundary triple stronger
statements hold. But of course Theorem [2.]] is also true for an ordinary boundary triple, even
in the case that S is a linear relation in a Krein space, cf. Theorem 2.1 in [24]. We will use
Theorem [2.8] mainly in the case that A is chosen such that 0 € p(® —M(A)). Note that this
implies that [® — M (A)]~! is an operator and ran[® — M(1)] = G.
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Proof. At first we show that (Ag —A)~! is an operator. Let v € ker(Ag — 1), i.e.
{v,0} €Ao— A = {{u,u' —Au} : {u,u'} € Ap}.

Hence {v,Av} € Ag, i.e. ['{v,Av} € ®. Moreover v € ker(T — A). This implies {v,Av} € N; and
hence Ty {v,Av} =Ty (Ty [ Ny)~1(To | N3 ) {v,Av} = M(A)To{v, Av}. Therefore
|:FO{V7A'V}:| _ FO{WA'V}

- [Fl {v,Av} —M(A)To{v,Av}

0 } €O—-M(A).

As (® —M(2))~! is an operator we conclude To{v,Av} = 0 and therefore {v,Av} € A. As
A € p(A) this implies v = 0 and hence ker(Ag — A) = {0}, i.e. (Ag —A)~! is an operator.

Next we show the identity (Z-1)). For this let u € H be arbitrary. Due to A € p(A) we have

[(A_MAZ}GM—AY‘:é PA_MAZ}em—A)
:ﬁ{u+x$:g:Z]€M—M+lgA:mwa

Moreover Lemma [Z.§] implies

. (A—2)""u
VT B

Hence
I{u+18:;¥3}:[ﬂ%m} 2.2)

Asrany(d)* is contained in ran[® — M(A)] = dom[® — M(A)] ! and [@—M ()] ~lis an operator
[© — M(A)]~'y(A)*u is well defined. Moreover y(1A) := 7 (To [ NV3)~! implies

m(Co [ 3)~! (10— M)~ y(R) u) = ¥(A)[©—M(A)) ™ y(A) u € ker(T —2)
and hence

(To 1.4)~" (0= M)~ ¥(2)"u)

Il
L —
=
=
[S)
|
=
=
Lol
=
>~
=
m
2\)
>~

Therefore

Y(A)[©@-M(2)
“{x —M(A

G | - M

Y(A)
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[BRIEIEARICE T RHeRY
= M(A)[© ~ M(A)] ()

S =

)
)*

Hence

[@fM(/l)}*W@*Z } eM().  (23)

YO -MQA) " y(A)u ] _
{ A }7{1‘4(1)[@*1‘4(1)}’17@)*

Ay(A)[©@—M(A)] " y(A)*

u
u
Furthermore we have

*

{[(%M(A)]ﬂggi*z ] co_ M), 2.4

Combining @2)), @3) and @4) we observe

F{ A=)""u + y(A)[O-MA) YA

u+2(A-2)"u + Ay(A)] ()] y(a

,{ _ [©—M(2)

T L yA) u+MA) O -M(A
Therefore

A=2)"u +  y(A)O-MA)]y(A)u

-1
{zﬁ—l(A—)L)“u + A0 M) 'yA) u ] €4o

and hence

u

[AA e+ RO MAN Y ] 1y 2,

Keeping in mind that (Ag — A)~! is an operator this implies
(A0 —2)u=(A=2)"u+y(A)[O—MA)]'¥(A) u.
As u € H was arbitrary this shows Krein’s resolvent formula €:T)).

Next we show A € p(Ag). For this let ({vy, V) })nen € © —M(A) be a sequence which converges
to some {v,v'} € G x G. For every n € N there exists {u,,u},} € ® such that {v,,v},} = {un,u, —
M(A)uy}. In particular u, = v, — v if n — . Hence

) =V M(A)uy =25V + M(A)y

because M(A) € L£(G), cf. Lemma As O is closed we get {v,v' + M(A)v} € ©. Hence
{vV}={vV+MA)v—M(L)v} € ® —M(A). Therefore ® — M(A) is closed and hence [© —
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M(A)] 7! is a closed operator. As y(1)* € £(H,G) and rany(1)* is included in ran[® — M(A)] =
dom[® — M (L))" also [® — M(L)]~'y(A)* is closed. Moreover it is defined on the whole space
and hence bounded. Also the operator (A — A)~! is bounded because A € p(A). Hence Krein’s
resolvent formula (Z1]) implies that (Ag — A)~! is bounded and therefore (Ag —A)~! € L(H).
Hence A € p(Ag).

Next we show that the symmetry of ® implies the symmetry of Ag. For this let & = {u,u'}, 9 =
{v,V'} € Ag. Set f = {f,f'} :=Ti={Toa,T'12} and § = {g,g'} :='p = {Ty9,I'1}. Note that
due to the definition of Ag we have f,$ € ©. As © is symmetric we get together with the abstract
Green’s identity

0=(f",g)n—(f&)n = (1a,Tod)g — (Lo, T19)g = (',v) 3 — (u,v)3.

As this is true for all ¥ = {v,v'} € Ag we get il = {u,u'} € A§. Hence Ag C Ag.

To show selfadjointness of Ag we can proceed for example analogously as in the proof of Theo-
rem 4.2 (iii) in [27, Chapter II]. Let {u,u'} € A§, i.e. {u,u’ —Au} € (A5 —A). Asran(Ag—A) =
dom(Ae —A)~' = H there exists v € H such that {v,u’ — Au} € (Ap —A) C (A — 7). Hence
{u—v,0} € (A5 —A), ie.

u—veker(Ay—21) = (ran(Aeg — 1)) = (dom(4e —2)"") " =1 = {0}.

Hence u =v and {v,u’ — Av} = {v,u' — Au} € (Ag — A) or {u,u’'} = {v,u’} € Ap. This shows
Ag C Ap and with the symmetry of Ag we know that Ag is selfadjoint. O

The following lemma is a helpful tool to decide if a triple is a boundary triple. We omit the proof
and refer to Theorem 2.3 and Remark 2.9 in [10].

Lemma 2.10. Let K be a Krein space with inner product [, ]ic. Let T be a linear relation in K
andletT" = (Ilj(l’) : T — G X G be a linear mapping, which satisfies the following conditions:

(i) T is surjective;

(ii) there exist A € R and a symmetric relation ® in G such that ran(Ag — A) = H holds for
the linear relation Ag := {{u,u'} € T : T{u,u'} € ©};

(iit) the abstract Green’s identity
[f.&lx — [f.&'Tk = [T1/,Toélg — [Tof, T18lg

holds for all f ={f,f'} and g = {g,g'} € T.

Then S := ker[ is a closed symmetric linear relation in K and ST = T. Moreover (G,To,T1) is
a boundary triple for S*.

The following lemma is of the same flavor as the previous one and is a direct consequence of
Theorem 2.3 in [9]).
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Lemma 2.11. Ler H be a Hilbert space space with scalar product (-,-)y. Let T be a linear
relation in 'H and let I" = (g‘:) : T — G x G be a linear mapping, which satisfies the following
conditions:

(i) To is surjective and ranT is dense;
(ii) A :=kerly is a selfadjoint linear relation in H;

(iit) the abstract Green’s identity
(.8} —(f.&)n=(T1f.Togg — (Tof.T18)g

holds for all f = {f,f'} and § = {g,g'} € T.

Then S := ker[ is a closed symmetric linear relation in H and T = S*. Moreover (G,Ty,T}) is
a generalized boundary triple for S*.

2.3 The Friedrichs extension

In this section we summarize some well-known facts about sesquilinear forms and the Friedrichs
extension. For more details and proofs we refer to Chapter VI in [41]].

Throughout this section H is a Hilbert space. For a symmetric sesquilinear form s in  we define
5[u] := s[u,u] for u € doms.

Definition 2.12. Let s be a densely defined symmetric sesquilinear form in 7.
(i) s is called bounded from below by y € R if s[u,u] > 7y||ul|3, holds for all u € doms.

(ii) A sequence (u,), C doms is called s-convergent to u € H if

n,m—oo

Jutn =l =550 and sl — ity — ten] == 0.

In this case we write u, .
(iii) s is called closed if u, = u implies u € doms and s{u, — u, u, — u) 720.

(iv) s is called closable if there exists a closed symmetric sesquilinear form t with doms C
domt and s(u,v] = t[u,v] for all u,v € doms.

(v) If s is closable we define the closure s of s by

dom5s := {u € H : I(un)n C doms with u, EN u},

5lu,v] = nggos[u,l,vn] for any sequences (uy)n, (vn)n C doms with u, Uy .

In this case 5 is the smallest (in the sense of intersections) closed extension of s.
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(vi) Lets be closed. A subspace U C doms is called a core of s if the closure of the restriction
of sto U x U equals s.
The following theorem is a special case of Theorem VI.2.1 in [41]].

Theorem 2.13. Let s be a densely defined, closed symmetric sesquilinear form in H which is
bounded from below by y € R. Then there exists a unique selfadjoint operator A >y in H which
satisfies the following items.

(i) domA C doms and (Au,v)y; = s[u,v] for all u € domA and v € doms.
(ii) domA is a core of s.

(iii) Let u € doms, w € H and s[u,v] = (w,v)y for all v in a core of s. Then u € domA and
Au=w.

The operator A is called the operator associated with s.

A proof for the following lemma can be found in [66, Satz 17.11].

Lemma 2.14. Let S be a densely defined, closed symmetric operator in H which is bounded from
below by y € R. Then the symmetric sesquilinear form s defined by

s[u,v] := (Su,v)y, doms :=domsS, (2.5)

is bounded from below by 'y and closable. The operator associated with s will be denoted by F (S)
and is called the Friedrichs extension of S. Its domain satisfies dom F (S) = domsNdomS*.

An immediate consequence is the following corollary, cf. [41, Theorem VI.2.11].

Corollary 2.15. Let S be a densely defined closed symmetric operator in ‘H which is bounded
from below by 'y € R and let s be the corresponding sesquilinear form defined as in Z.3)). Then the
Friedrichs extension F(S) of S is the only selfadjoint extension of S whose domain is contained
in doms.

Proof. Let A be a selfadjoint extension of S with domA C doms. In particular
domA C domsNdomS* = domF(S),

cf. Lemma[2.14 As A and F(S) are both restrictions of $* it follows A C F(S). Hence A = F(S)
because both operators are selfadjoint. O

In the last lemma of this section we investigate how the Friedrichs extension is influenced by
bounded perturbations.
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Lemma 2.16. Let S be a densely defined closed symmetric operator in H, bounded from below
by vy € R and let B= B* € L(H). Denote by F(S) and F(S+ B) the Friedrichs extensions of S
and S+ B, respectively. Then F(S)+B = F(S+B).

Proof. Note that S+ B is bounded from below by y— || B||, hence the Friedrichs extension F (S -+
B) exists and is bounded from below by y— ||B]|.

Denote by sg and sg., p the closable sesquilinear forms defined by S and S+ B, respectively. Note
that

domsg = domS = dom(S+ B) = domsg.

because B € L£(H). Let now (u,), C domsg with u, = u € H, i.e.

n—oo n,m—»oo

lun —ully —— 0 and  sgu, — ) 0.

This implies

((S+B) (tn — )t — tm) 3¢
(S(up — ), upy — um>y| + |<B(Mn — Uy, Uy — ”m>7{|

55ty — tt] |+ |1B]| - [t — | |3, 7 0

|5s4-B[1tn — ]| =

IN

<

5 5g. . .
and therefore u,, —— u € H. Analogously we observe that u,, ——s y € H implies u,, SueH.
Hence domsg = domsg 5 and therefore

dom (F(S) 4+ B) = domF(S) C dom&g = dom&s 5.

Hence F(S) + B is a selfadjoint operator whose domain is contained in domsg; 5. Moreover
F(S) + B is an extension of S+ B. According to Corollary this means that F(S) + B is the
Friedrichs extension of S+ B. O

2.4 Sobolev spaces

In this section we provide the definitions of Sobolev spaces on RY and on manifolds in R.
Furthermore we define the trace operators and show some properties of Sobolev functions and
their traces.

As usual we denote by . (R¢) the Schwartz space and by .#/(R?) its dual space, the space of
tempered distributions. By .% we denote the Fourier transform. For more details on the Schwartz
space and the Fourier transform see for example Chapter V.3 in [56] and Chapter IX in [55]].

Definition 2.17. The Sobolev space of order s € R is defined by

H'RY) = {ue. .7 (RY) : (14|-1*)2.Fu e L*(RY)}.
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Equipped with the scalar product (-, -) s ga) defined by
(1, V) s (ray = /fu%(l + -7 dx
R4
H*(R?) becomes a Hilbert space. Note that H—*(R¢) is the dual space of H*(R?) with the dual
pairing (-, ) ps(ra) gr—+(rey defined by
<M7V>H“(]Rd),H"‘(R‘/) = /yl/{% dx.
R
We will also make use of the dual pairings (-, ) ys(ra) yy—s(re) defined by
(V) s ey 115 () - = /ﬁuﬁv dx
R
which is bilinear instead of sesquilinear.

It is well-known that (—A — 2)~! provides for A < 0 a bounded operator in L?>(R¢). The follow-
ing lemma contains this observation as a special case.

Lemma 2.18. Letse R, s <r<s+2and A <O0. Then for all u € HS(R‘]) holds

. min{|A],1} %
H(*A*l) lu”H’(Rd) < W HMHH‘(]R‘J)'

Here the derivatives of A have to be understood in a distributional sense.
Proof. Due to

[x|2+1

x24+1  xP+1 T ) B+ :
b N MU i<l

AL xPHA] :
2_3 2 PO T =4, if —1<A<0
Hx\ | _ W+ [A > =min{|A[,1}

we have

P R I e T e
wr—ap - Hemz) (e

< (X2 +1)° <W)’*S (Z]’>Z+sr
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and hence
_ r _ . X2+1 r
=8 = ) By oy = |1+ S FL-8 = ) o) = | 75‘)4'2, l))zlfu\zdx
Rd
min{|A[,1}"" min{|A|,1}""
< W/(IX\2+ 1)°|Ful® dx = TR el e
Rd

where we have used that differentiation becomes multiplication (up to a complex constant of
absolute value 1) under Fourier transformation, cf. for example Satz VIIL.5.12 in [69]. The result
follows by taking the square roots. O

Following Definition 4.4 in [[70] we define next Sobolev spaces on manifolds in R

Definition 2.19. Let k € N and £ C R? be a compact C¥-manifold of codimension ¥, i.e. there
exists an index m € N, bounded open sets Q; C R~ relatively open sets £; C X and bijective
functions o; : Q; — X; fori € {1,...,m}, such that | J/.; X; = £ and

0';1 o0 € Ck(O'jil(Z,‘ﬂZ/),O’,‘(Z,‘ﬂZj))

for all i,j € {1,...,m}. Moreover let ¢;, i € {1,...,m}, be a partition of unity subject to the
cover X;, i € {1,...,m}. For 0 < s < k we define the Sobolev space H*(X) via

H'(E):={f: 2= C:(f 900 € H'(R"¥)}.

Here the function (f - ;) o ¢;, which has compact support in €;, is understood as its extension
by zero to the whole R“~¥. A possible norm on H*(Z) is given by

m
Hf“;]‘():) = Z ”(f (Pj) OGj”Iz.I.x(]Rd—K)-
j=1

In particular we have || f|grz) < || fllgs(x) for all u € H*(X) and r <'s. Note that these norms
depend on the choice of the parametrizations o; and the partition of unity. However, each possible
choice leads to an equivalent norm. For our further proceeding we mainly need the norm of
L2(Z) := H(Z). Instead of the norms from above we will use the norm given by

£y = [ 150 do).
X

where o is the "surface" measure given by

[1@dow):= Y. [(-gno0;(s) Jaer (Do) D)) ds.
b =g,
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This definition has the advantage that it is independent from the choice of the parametrizations
o; and the partition of unity. In the following we will assume without loss of generality that the
maps o; are chosen such that || f]|2(x) < || f[|zzs(z) holds for all s with 0 < s < k and all u € H*(X).

If ¥ is a manifold without boundary we can define H*(X) as the dual space of H*(X). With the
usual identification L2(Z) becomes a subspace of H~*(X) and

(t, @) (v 13(x) = (U, 9)12(x)
holds for all u € L?(X) and ¢ € H*(Z). Analogously as for the Sobolev spaces H*(R?) we will

also make use of the corresponding bilinear pairings (-,-) HS(S),H(2)-

In the next lemma we define the trace operators. For a proof see for example Theorem 24.3
in [[T6] or Theorem 1 in [40, Chapter VII].

Lemma 2.20. Let £ C RY be a compact C¥-manifold of codimension x as in Definition and
g < 8 < k. Then we can extend the map

CE(RY) 59— ¢ls

uniquely to a continuous mapping try, : H*(R%) — H"% (X), which we will call the trace operator
and tr5 u the trace of u. The operator try, is surjective.

With the trace operator we can define now the distribution #8s for h € L*(X), i.e. a S-interaction
on X with strength 4. This will be one of the central objects of this thesis.

Lemma 2.21. Let £ C RY be a compact C*-manifold of codimension x as in Definition and
let s := 5 + & <k for some € > 0. Define for h € L%(Z) the distribution hy via

(hds)(9) = (h30) 2r), @ € H'(RY).
Then hés € H~*(R?) and [170s || ey < s || - 12| 2y Moreover hds € H™*/2(RY) if and
only if h = 0. In particular héy, = 0 if and only if h = 0.

Proof. With Lemma .20 we obtain
| (h82) (@)] = |, trs @) 205)| < [l 23 - | 03 @Il 2
< rllza) - Ny @llaec) < WAllzze) - 011 191 ra)

and hence h8y € H*(RY) with 1185 [ s (ray < [t || - [| 2]l 2(x)- Furthermore we get 18y = 0 if
and only if # L rantrj = H¥(X),i.e. h=0.

Next let i € L*(X) with hdy € H™*/2(R). Tt is known, that for I < p < oo and a > 0 the
WP (R?)-capacity of X defined by

Cap(Z,W*P(RY)) := inf{HuH%Va_p(R,,) ‘ue S (RY,u=10onA>DX,Aopen}
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is 0, if and only if the codimension x of ¥ satisfies op < k, cf. Corollary 3.3.4. and Corol-
lary 5.1.15 in [2]. In our case this condition is satisfied for p = 2 and o = § and therefore

0 = Cap(Z, H*/*(R?)) = inf{HuH[z_[K/z(Rd) cue SR, u=10nA>DL,Aopen}.

Hence there exists a sequence (@, ), C .7 (R?) with || @, || HY2(RY) 2% 0 and @, = 1 on X. Note
that for y € C3(RY) also || y/(p,,HHK/z(RJ) 222, 0. Hence, as hdy € H*/2(R4), we get

(hSZ)(‘I/) = (h,try ‘I/>L2(z) = (h,ury ‘I/‘Pn>L2(z) = (hSZ)(‘l/‘Pn) 250
As y € C3(R?) was arbitrary we conclude 485 = 0 and therefore & = 0. O

Remark 2.22. A definition for the capacity can be found in [2, Def.2.7.1.], see also e.g. [2,
Ch.2.2], [27, Ch.VIIL.6] and [51, Ch.10.4.1] for definitions of slightly different concepts of ca-
pacity. The last part of the proof above mimics the proof of [27, Thm.VIII1.6.3] and one can show
without any additionally effort that X is (m, p)-polar form = £ and p=2,ie. {u € H “K/2(RY)
suppu C X} = {0}.

For the next lemma recall that a compact operator K : 7 — G belongs to the Schatten-von Neu-
mann class of order p > 0 if the singular values 5 ;(K) of K (counted with multiplicities) satisfy

Y Isi(K)|P <o
j=1

In this case we write K € &,(H,G) or,if H =G, K € &,(H).

Lemma 2.23. Assume that £ C R? is a compact C*-manifold with codimension K and B €
L(L2(R?),H" (X)) withranB C H*(X), s > r > 0. Then B € & ,(L>(RY),H" (X)) for p > 4=X and

S—=r
the singular values of B satisfy s j(B) = O(j_ﬁ)for J—>oo.

For the special case that ¥ is the boundary of a compact C*-domain this lemma coincides with
Lemma 3.4 in [[I1]] and also the corresponding proof can be adopted.

Proof. Consider the operator

A= (IiAEB)%7
where AEB denotes the Laplace-Beltrami operator on X. The operator A provides an isomorphism
between H*(X) and H"(X), cf. Corollary 5.3.2 in [4]. Hence A~ : H'(X) — H*(X) is continuous,
too. Furthermore B : L?>(R?) — H'(Z) is continuous and hence closed. As ranB C H*(X) the
operator

B:L*(RY) - H*(Z),  u~ Bu,
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is well-defined. Next let (i), C L2(RY) with u,, “—= u in L2(R?) and Bu,, == v in H*(X) for
a certain u € L?(R?) and a certain v € H*(R?). Hence

1Bit =Vl 12r(5) < |1Btn = Vllpzs(z) “=> 0.

As Bis closed it follows Bu = Bu = v. Hence B is closed too and therefore B € £L(L?*(R?), H*(X)).
Hence we can write the operator B as

B=A"'AB,

where all operators on the right hand side are bounded. Denote by A; the j-the eigenvalue of

(I— A%B)% in nondecreasing order and counted with multiplicities. As X is a C*-manifold we
have

1
)ijcjﬂ

for a certain constant ¢ > 0, cf. (5.39) and the text below in [4]. Hence the eigenvalues (t; of A1
satisfy p; ~ C jiﬁ for another constant C > 0. Keeping in mind that A is selfadjoint we get
sji(A)~C ji* and therefore

5;(B) = 5;(A'AB) < s;(A"")|[AB|| ~ C||AB||j~ .
Hence B € & ,(L*(RY),H"(X)) for p > 4=X. O

Remark 2.24. Note that in the proof of Lemma 2.23] the assumption that ¥ is a compact C*-
manifold was just used to specify the asymptotic decay of the eigenvalues of the operator (I —

AEB)%. But the behavior of these eigenvalues is also known for other geometries, e.g. for a closed
C?-curve. Therefore we get analogously as above the following variant of Lemmam:

Let X be a compact C2-curve in R3 and B € L£(L*(R3),H" (X)) withran B C H*(X), 2 > s > r > 0.

Then B € &,(L*(R3),H’ (X)) for p > ﬁ and the singular values of B satisfy s;(B) = o@j~b=)
for j — oo,

In the last lemma of this chapter we will use the symbol for the trace operator in a slightly
different way than in Lemma For a bounded C*-domain Q C R we denote by tr};Q :

H'(RY) — H'/2(3€) and trh ot HY(RY) — H'/2(9Q¢) the unique continuous extensions of the
maps

C(Q)20—9lhe and  C7(Q) 39— 9lyg,

respectively. For more details see for example Theorem 3.37 in [52]. Note that the boundaries
dQ and 9Q° coincide.

Lemma 2.25. Let Q C RY be a bounded C*-domain. Let u € H'(Q) and v € H'(Q) such that
trhou=trho.v. Thenu@®v € H'(RY).
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Proof. As Q is a C*-domain there exists a function i € H'(R?) such that ii(x) = u(x) holds
for almost every x € Q, cf. Theorem 5.24 in [3]. Analogously there exists 7 € H'(RY) with
#(x) = v(x) for almost every x € Q°. Define w := ii — # € H' (R¢) and denote by w the restriction
of w to Q. Due to tr}mu = tr}m(. v we have tr}mw =0 and hence w € Hé (€). Let w be the zero
extension of w to RY. According to Theorem 5.29 in [3] # belongs to H'(R?) and hence also
W+ 7 € H'(R?). But for almost all x € Q we have

W(x) 4+ 9(x) = w(x) 4+ 7(x) = w(x) + ¥(x) = d(x) — ¥(x) + ¥(x) = d(x) = u(x)
and for almost all x € Q¢ we have
W(x) +7(x) =04 ¥(x) = v(x).

Hence u®v =w+7c H' (RY). O



3 SELFADJOINT OPERATORS WITH SINGULAR PERTURBATIONS

In this chapter we provide an approach for a rigorous definition of selfadjoint operators with
singular perturbations which can be written formally as Ay = A — G®~!G*. Depending on the
range of G we have to distinguish between different cases.

In the first section we will fix the setting and introduce all relevant objects. The following sections
are devoted to the different cases mentioned above.

Note that for the special case that G is a finite rank operator the following approach coincides
with the one in [23]].

3.1 A chain of Hilbert spaces

Let A > 1 be a selfadjoint operator in a Hilbert space 7. For s € N set H* := domA*/2, where
the operator A%/2 is defined via functional calculus. Together with the inner product

(s HS X H = C, (4, V)3 1= (A2, A1) 50,

H* becomes a Hilbert space. Set H~* := (H*)'. We will show in Lemma that these spaces
are contained into each other such that we obtain the following chain of Hilbert spaces:

COHTZOH T OH OH DHE DL

For s € N, s > 2, define the operator A, : H® — H52 via Agu = Au for u € H*. The operator
Ay : H' — H ! is defined by

(A1, v)qy—1 31 i= (Al/zu,Al/zv)Ho, veH!.
Furthermore define for s € Ny the operators A_; : H™* — H "2 by
(A5t V) gy-s-2 ggs2 7= (U, As2V) 3y 345
Lemma 3.1. Let s,t € Z with s < t. Then the following assertions hold.
(i) The space H' is dense in H* and ||u||s < ||ul|3p holds for all u € H'.

(ii) The operator A, satisfies A;u = Agu for all u € H'.

(iii) Ag:H* — H*~2 is an isometric isomorphism.
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26 3 Selfadjoint operators with singular perturbations

Proof. (1)

Consider first the case 0 < s < t. The operators AS/2 and A"/? defined via functional calculus
are selfadjoint. In particular their domains are dense in H°. The inclusion ¥ = domA%2 D
domA'/2 = 3{' follows with the spectral theorem. Moreover

JulBes = 142l = [ WP dtEuu) = [ d(Euu)
R 1

< [# dtBua) = [ 1¢2P dlEuu) = 14ul =l
1 R

and hence ||u||3s < ||u||3 for all u € H', cf. Theorem 5.9 in [59].

Let u € H* be arbitrary, hence v := A%2u € H°. As AU=9)/2 is selfadjoint its domain is dense
in HY. Let (v,), C domA(=9)/2 = 7415 be a sequence which converges in %% to v. Define
Up ::A*S/zv,l € domA!/? = H!' for each n € N. Hence

i — ull32s = 1A% (= )l 30 = [[vw = V]300 “==5 0

and therefore H! is dense in H?.

Next we show that H~* is dense in H ™' for 0 < s < . Denote by 1 the continuous embedding
urs ufrom H' to H*. Then ' : H ™ — H ™', W+ Y]y is continuous too. As H' is dense in H*
we get with Theorem 4.12 from [58] (L denotes the annihilator in %)

H™ Dkert/ = (ran1) | = (H') = {w e L™ : (W,v)y- 30 =0Vv € H'} = {0},

i.e. U is injective. Hence 1’ is a continuous embedding from #* to 7' and we can interpret
H~* as a subset of H~". To see that H~* is even dense in ' recall that both spaces are reflexive
(because they are dual spaces of Hilbert spaces). Hence (with a suitable identification) 1 = 1”
and in particular kert” = kert = {0}. With Theorem 4.7 and Theorem 4.12 from [58]] we get
now

Ho! =t = 1((rant’) ) = | (kert”) = | {0}
= {l[/ S H_t : <W7V>H71’HL =0forallve {0}} = H_[7

i.e. H % is dense in H'. Furthermore we have

lWllgg— = sup{W,v)g— 3¢ = Sup{W,v)p-s g5 < SUP{W,V)gs-s 305 = [|W|l9s-5,
vEB! vEB! vEBS

for each y € H ™%, where the sets B' and B® are defined by

B i={veH :0<| vl <1} C{veH :0< vl <1} =: B
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Next we show that ' is dense in 7 ~* for arbitrary s,t > 0. Let u € ™ be arbitrary. As HO is
dense in H~* there exists a sequence (u,), € H® with |ju — u, || < ﬁ for every n € N. As H!
is dense in H° there exists a sequence (v, ), C H' with ||y — vy |50 < ﬁ for every n € N. Hence

1 I noe
= vallggs <l = ttnllpg=s + [t = vallp=s < 5+ lltn = vallygo = — = 0.

Moreover we have ||u||3—s < ||ul|yo < ||ul|3 for all u € H'.
(i)

Next we show that A,u = Agu holds for all u € H'. For 2 < s <t this is obvious because by
definition the action of both operators A; and Ay is given by the action of A.

For u € H? we have Aou € H° C #~! and hence

(Ao, v) g1 301 = (Ao, Vg = (A, v) g0 = (A2, AV 0) 0 = (Agu,v) g1 40
for all v e H!. Hence A u = Aju.
For u € H! we have Aju € H ! C H 2 and hence

<A1u,v>H727Hz = (Aju,v)y-1 1 = <A1/2u7A1/2v>Ho

= <M,AV>H0 = {u,sz)Ho = <A0u,v>7{7277_¢2

for all v € H?. Hence Agu = A u.

Forue H 5,5 >0, we have A_,u € H "2 C 1 *3 and hence

(A1, V) gy=5-3 g3 = (A5, V)q =2 gyss2 = (U, Ag12V) 3y 345
= (U, Ag3V) s 35 = <M,A‘y+3V>H—s—l_’H.x+l = (A,s,lu.,v>H.y73,Hs+3

for all v € #*+3. Hence A_; ju = A_,u. The remaining cases follow by transitivity.
(iii)
It remains to show, that A, : H* — #°~2 is an isometric isomorphism. Consider at first the case
s > 2. Then we have for all u € H*
5=2 s
[Asullgs—2 = (A2 Aullzo = [|A2ull30 = [luell 35,
ie. Ay : H® — H*2 is an isometry. Due to

ranA; = AH® = AdomA? = domA2 ! = 2

the operator A : H® — H°~2 is even surjective and hence an isometric isomorphism.
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Consider next the case s = 1. At first note that 6(A'/2) C [1, e[, where the selfadjoint operator
AY2 in 10 is defined via functional calculus. Hence ranA'/2 = #°. Therefore

lAiully-1 = sup (Ayu,v)y-130 = sup (AV2u, A1 2v) 00
ver! vedomA!/2
[I¥ll51=1 llAY/2v]|50=1
= sup (A 7uw)gp = IAPully = llullpy
weH?
Iwll;0=1

for all u € H'. To show surjectivity let y € ! be arbitrary. According to Riesz representation
theorem there exists u € 7! such that

(W) g1 900 = (u,v) 50 = (A2, AY20) 50 = (AL, v)g1 4

holds for all v e H!,i.e. Aju= y. Hence A is surjective and therefore an isometric isomorphism.

It remains to consider A_; with —s < 0. For this let y € H ™ be arbitrary. We have already seen
that Ay, : Ht2 — % is surjective and isometric. Hence we get

lA_swlly-s—2=sup (A W, v)gy—s—2 ys2

VEH.\+2
[IVll3s+2=1
= sup (WA 2y = sup (W, w)y-s g = Wl
yEHST2? weH?*
[Vl 3gs+2=1 [[wllags=1

To show surjectivity let y € 752 be arbitrary. According to Riesz representation theorem there
exists u € H*+2 such that

<l[/, V>H—.\—2;H.\+2 = <M,V>'H.\+2 = <As/2+1u,AS/2+1V>HO = (Aqu,AHZ\/}H:.
holds for all v € H**2. Let ¢ € H~* the Riesz representation of (Agou,-)3s. Hence
<l[/7 V)H’J’Z,'Hx*z = <AS+2M,AS+2V>7{.\' = <(p7AS+2V>'H"‘,HJ = <A75(P7V>H*5*2,H5+2

forallve H**2,i.e. A_;@ = w. Hence A_ is surjective and therefore an isometric isomorphism.
O

Remark 3.2. For each u € H*® =ranA,.; and all j € N we have

—J 41 —1 . _ 41 41 —1 4-1 s+2j
As+2”*As+2'~-As+2’4*As+2jAs+z(j_1)~~As+4As+2”eH .

In particular elements in #* with s < 0 can be “lifted up” to H° by a repeated application of

-1
AH—Z‘
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Example 3.3. An example for such a chain of Hilbert spaces are the Sobolev spaces H*(RY),
s € Z, with the operator A := —Agee + 1. Here —Age, is the free Laplace operator in LZ(R‘I )
with domain H2(R9). The norm || - || generated by A is equivalent to the usual Sobolev norm

I ey

Let k € N, G be another Hilbert space and G : G — H* an operator satisfying

GeL(GH™), kerG={0}, and ranGNH **'={0}. (3.1)

Define the index j by
o {k—lJi Bl ifkis odd, 32)
T2 T2 itkiseven, ’

Hence k—2j = 1if kis odd and k — 2j = 2 if k is even. Furthermore we define

H-! ifkis odd,

Go:=A"],,G:GHY* =
0 k12019 H~2 ifkiseven.

Note that Gy as well as Gj; : H*=2J — G are both continuous.

Lemma 3.4. The operator S := A | (H? NkerGy) is a closed symmetric operator in HO whose
adjoint (linear relation) S* contains the operator

Tu:=Apu—Goh,  domT :={ucH:3heG withApu—Goh e H°}. (3.3)

If k is odd then domT C H!. Furthermore the map Iy :domT — G, u— h with h as in (@) is
surjective and kerTy = H>. In particular A C T.

Proof. Let (u,), be a sequence in domS with u, 272 4 and Su,, 22% v in HO. Because A is
closed and Su, = Au, we get u € domA and Au = v. Hence

it — gt 21 < it — 2 = 1Aty — Auclyo =[Sty = vll0 =25 0.

As G : #*k-2/ 5 G is continuous kerG(’g is closed in H¥2/ and therefore u € kerGS. Hence
u € domS with Su = v, i.e. S is closed. The fact that S is symmetric follows directly from the
selfadjointness of A.

Next we show that 7' is a well defined operator. For this we have to show that the element &
appearing in (33) is unique: Let h1,hy € G with Agu — Gohy = v; € H° and Agu — Gohy = v5 €
HO. Tt follows

/szik‘H :_> 'HO SV —WV =A0M7 G0h1 - (A()uf Gohz) = Go(/12 71’11) S ranGo.
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AstanGNH*1 = {0} we get due to Lemma B.1]ran Go N H>/~**+! = {0} and hence Gy(h —
hy) =vi—vy=0. Due to kerGo = kerA_}  ,G = {0} this implies hy = h;.

Moreover T C S* because for all u € dom7 and all v € domS = H2 Nker Gy holds
(Tu,v)50 = (Aou — Goh,v)g-2 92
= (Aou, V) g2 32 — (Goh, Vg2 32 = (U, A2v) 30 300 — (h, Gjv)g = (u, V)30
If u € H2 then Tu = Au € H° with i = 0. Hence H2 C kerI'y and A C 7. On the other hand, if
u € kerT'g we have h = 0 and therefore Agu € H°. Hence u € H?2.

If k is odd then ranGy C H~!. Let u € domT and v := Tu. Hence Agu = v+ Goh € H~! and
therefore u € H', see Lemma

It remains to show that Iy is surjective. Let & € G. Then we have Goh € H¥~*. As A, k42 -
HE~*F2 5 12k is surjective, see Lemma there exists u € H2/ 2 C 10 with Adj_jpou=
Goh and hence Agu — Goh = 0 € H°. This means u € dom7T with Tyu = h. O

For the following recall that dom T can be written as dom T = H2 +ker T, cf. Lemma because
the selfadjoint operator A is contained in 7. This means that every u € domT can be written
uniquely as u = u, + us with u, € 72 and u, € ker T. Moreover note that

- if k is odd, then dom G, = H! D domT, see Lemma
- if k is even, then dom G} = H? > u,.
This implies that the map I'y in the following theorem is well defined.
Theorem 3.5. The triple (G,I'y,I'1) with the boundary maps
I'p:dom7T — G, uvsh with u as in 33),

Gyu  ifkis odd,
Giue  ifkis even,

I't :domT — G, MH{
is a generalized boundary triple for T = S*.
Proof. At first we show that I" = (1;?) has dense range. For this define the space
G* = ran(I' | ker[p) = ran(Gy| H2) = ran(G*A, /| H?) = ran(G*| H¥*2).

It was shown in [25, Lemma 6.1] (for an arbitrary generalized boundary triple) that G is dense
in G. Indeed, H%/*2 is dense in H¥ (if k is even these spaces even coincide) and therefore

(G ={heG:(hgg=0VgeG T} ={heG: (h,Guyg=0YuecH”?}
={h€G: (Ghu)ys 30 =0V u € H¥"?} ={h € G:Gh=0} =kerG = {0}.
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Next let (h,k) € G x G be arbitrary. As Iy is surjective, see Lemma@ there exists u € domT
with Tou = h. Moreover there exists a sequence {uy },en C ker [y such that {I'yu, } e converges
to k —T"ju because ran(I'y | kerI'g) = G is dense. It follows

rueun) = (16070 = e ] = [k 1] = i
and hence ranI is dense in G x G. Keeping in mind that A = T | kerIy is selfadjoint it remains
to show that the abstract Green’s identity holds, cf. Lemma[Z.T1]
We will first consider the case that k is odd. Let u,v € domT be arbitrary. Hence
(Tu,v) 30 — (4, Tv) g0 = (Aou — Goh, v)qy-1 31 — (4, Agv — Gok) g1 31
= (Ao, V)31 301 = (Goh, V)1 g1 — (,A0v) 301 31 + (14, Gok)gpn 3
= —(h,Gyv)g + (Gou,k)g = (T1u,Tov)g — (Tou, T'1v)g.

Consider now the case that & is even. Let u,v € domT be arbitrary. Recall that u can be written
as u = u, + us with u, € H* =kerIy and u, € ker T, cf. Lemma Hence I'yu = Tous,

Aouy = Agus — Gol'ous + Gol'ou = Tus + Gol'ou = Golpu,
Tu=Tu,~+ Tus = Aou. — Gol ou. = Au,,
and analogous results hold for v. Therefore

(Tu,v)g0 — (1, TvYg0 = (Atte, Ve + V) g0 — (Ue + Uy, Ave) g0
Auc,vs>Ho — (uS,AVC>7{o

Ue, Gor‘ov)Hz’Hfz —(GoLou, VC>H*2,H2

=

= <uC7A0VS>'H2,H’2 - <A0u57 VC)’H’Z,HZ

=

= (Goue,Tov)g — (Tou, Gove) g = (Tru, Tov)g — (Tou, Tyv)g. O

Our next aim is to characterize S*. For this we will use again the space
G* = ran(I' | ker[p) = ran(Gy| H2) = ran(G*A, /| H?) = ran(G*| H¥*2).

We have already seen in the proof of Theorem that GT is dense in G. Hence there exists a
norm || - ||+ such that (G, || - ||g+) becomes a Hilbert space which is continuously embedded
into G, see Proposition 2.9 and 2.10 in [[14]]. Consider the Gelfand triple G C G C G, where
G~ denotes the dual space of G*. Let

1_: G~ — G be an isometric isomorphism and

=06t =¢. G

Then 14 is an isometric isomorphism too and for all u € GT and v € G~ holds

(u,v)g+ g- = <u,ljll,v>g+ygf = <(l:l)*u,l,v)g = (Lyu,1_v)g.
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We are now able to prove the following lemma, which gives a representation of S* and is a special
case of Theorem 2.12 in [|14]]. For this we have to extend the operator G : G — H*to0 G, which
is done with the operator (G®)* appearing in the next theorem.

Theorem 3.6. Consider the operator G® : H*+? — Gt =ran(G*| H¥+?), u— G*u and assume
that ran(G®)* NH 51 = {0} holds. Then S is densely defined and S* satisfies

S*u=Agu—A_}(G®)h, domS" = {ucH":3he G withAgu—A_}(G¥)"h e H}.
In particular S* is an operator. An ordinary boundary triple for S* is given by (g,fo, I ) where
the mappings 9,1 : domS* — G are given by

Tou=1_h, D= G®A27jj+2u(7 u=u,+u; €H>+kerS* =domS*.

Proof. We define the operator S by
Su=Aqu—A_},(G*)'h, domS={uecH’:Fhe g withApu—A_S(G®)he N},

and show § = §*. The fact, that § is an operator, can be seen analogously as for the operator
T: Let hy,hy € G~ with Agu —A:ﬁi(G@ﬁ)*hl =v; € HO and Agu _A:éj(G®)*h2 = eH It
follows '

HIHF D HO 5 v —vy =AT],(G®) (ha— ).
Due to Lemma 3. 1]it follows (G®)*(hy — ) € H~*+1. As ran(G®)*NH ! = {0} by assump-
tion this implies h; = hj.
For v € domS = domANkerGj and u € dom$ we get

(Su,vyqp0 = (Aoquiéj(G(@)*h?v}Hfz_’Hz = (Aou, V)32 32 — <(G\%\)*h7A27jV>fH—2j—2ny2j+2
= (U, AV) 30 — (B, GPATIV) g g+ = (u,SV) 30 — (h,G* Ay V) g g+ = (i, SV)30.

Hence § C S*. For the other inclusion let 1_ and 1, as in (34). Recall that every u € dom$ can
be written as u = u, + u; with u, € H? and u, € ker, cf. Lemma Define now

Iy:domS — G, ur1_h,

(. & ® A=)
I') :domS — G, u— 144G AZquC,

We will show next that (Q’ ,fo,fl) is an ordinary boundary triple for S*. At first note that S |
ker[y = A because

kerfo = {u € H®: Aqu € H°} = H? = domA.
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Hence ran($ | ker[o) = ranA = # because A > 1. The kernel of [':= ( ) is given by
kerl = {u ckerly: Tju=0} = {ucH: G(’@Azjgzu =0} ={uecH*: Gu=0}

and hence S | ker[" = S, cf. the definition of § in Lemma@

Note that G® is surjective, cf. the definition of the space G*. Moreover A, jj+2 is an isomorphism

between H2 and HZHZ, cf. Lemma and 14 is an isomorphism between G* and G. Hence fl
is surjective too.

Let h,k € G be arbitrary. Hence there exists u € H° such that Agu = A:é(G@’)*l:lh cH?
therefore Agu —A:é(G®)*l:1h =0 € H°. This means u € domS and Tou =1_1"'h=h. As T

is surjective there exists v € dom$ with ['jv = k — ["ju. Without loss of generality we can assume
v € H? because for the action of I'j just the H2-part of v is important. Hence it follows due to

H2 Ckerl
o S R A S

ie. ['= ( ) dom$ — G x G is surjective. It remains to show the abstract Green’s identity, cf.

Lemma For u,v € dom$ we have

<S’u,v>Ho = (5‘(14( +utg), Ve + Vs)g0 = (Atte,ve)qp0 + (Alte,vi)q0  and
(u,S’v)Ho = (uc+ us,SA'(vC + V)90 = (Ue,Ave) 30 + (s, Ave) 0

Note that 0 = S'us = A()MA- —A:é(G'@)*hu lmphes AOMS — A:é(c@)*hu Analogously we get
Agvs =A_35(G®)*h,. Hence

(Su, vy g0 — (U, 8v) 30 = (Atte, vs) g0 — (tte, Avg)go = (e, AgVs) g2 -2 — (Aoths, Ve) 32 72
= (uc,A 2(G<’) W a2 — (AL (G®) huve)y2 502
= (G®AY e, ) g g- — (s G¥AL pve)g- g+
= (1.GPAY] e, 1) g — (1-hu, 1, GPAL] Hve)g = (Fru, Tov)g — (Fou, Tiv)g.

Hence (g, Iy, I 1) is an ordinary boundary triple for §* and §* = §, cf. Lemma In particular
S* is an operator and S is densely defined. O

As (g To, fl) is an ordinary boundary triple for $* the operator S* | ker"; is always selfadjoint.
For a generalized boundary triple this is no longer the case, as we can see in the following
lemma.

Lemma 3.7. Assume that k is even, domT # domS* and ran(G®)* NH 1 = {0} with G®
defined as in Theorem @ Then the operator Ar, :=T | kerI'| is essentially selfadjoint, but not
selfadjoint.
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Proof. Due to Lemma 2.T] we get
H24kerT =domT C domS* = H>+kerS*

and hence ker 7 C ker S*. Let (Q Lo, ) be the ordinary boundary triple for $* from Theorem
and define the operator B := S* | dom B with

domB = kerf‘l D kerl'y = domAr,.

As (G,T,I') is an ordinary boundary triple B is a selfadjoint extension of Ar,. Furthermore we
have ker T C kerI'j, because dom7T = H24kerT and hence

ueckerT = u.=0 = Thu=Gyu.=0 = u € kerI'y,
cf. the definition of I'j in Theoremlﬁ]for the case that & is even. Using ker 7' C kerI"; we get

domAr, =domT NkerI'| = (7-{,2$kerT) Nkerl'; = H2Nker'+kerT = domS-+kerT.

Analogously as above we get kerS* C ker["; and hence dom B = dom S+ kerS* . Together with
kerT C kerS* this implies

domAr, = domS+kerT C domS+kerS* = domB

and therefore Ar, C B. It remains to show Airl D B. For this recall that if M and N are two closed
subspaces of a Hilbert space, then the following are equivalent:

* M+Nisclosed and MNN = {0}.

* There exists p > 0 such that p/|| f[|* + [|g]|* < ||If +¢| forall f € Mand g € N.
With dom S* = H2 4 kerS* and A = §* | H2 we get in H x H the decomposition

§* = {{u,S"u} : u € domS*}
= {{chruhS*(chrus)} cue € H2 ug € kerS*}
= {{uc, S uc} + {us,S*us}  uc € H*,u, € kerS*}
= {{uc,Auc} +{us,0} : u, € domA,u, € kerS*} = A+NH(S),
where the subspace Np(S*) is defined byNo(S*) = {{u,0} : us € kerS*}. Note that also the sum
above is a direct sum (in H x H) because the sum in the decomposition of domS* is also a direct

sum (in ). Analogously we can decompose T into T = A+Ny(T). As §* = A+N(S*) is a
closed subspace of H x H there exists p > 0 such that

P\ IFIP+ 118l < 117 +éll 3.5
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for all f € A and g € Nlp(S*), cf. the statement mentioned above. As Ny(T) is a subset of the

closed set Np(S*) the estimate (-3 holds also for all § € No(T). Tt follows that A + Ny(T) is
closed. Hence we have

AFNYT) CAFNY(T) = A+No(T) CA+N(T).

Using this we get

AFN(S) =8 =T =A+Ny(T) CA+No(T) CA+No(S*).
In particular Ny(S*) = No(T) and therefore kerS* = kerT. Let now u € dom B = dom S+ ker S*.

Hence u = u, + u; with u. € domS and u; € kerS*. Choose a sequence (u£n>)n C kerT with

—o0
uﬁ") imaa us. Then

domAr, = domS+kerT > u, +u£n> 2 e+ ug =u,

Ar, (e +u") = Suc+0 = Su.+S*u, = Bu.

Hence u € domAr, with Ar,u = Bu. Therefore B C Ar,. Together with Ar, C B this implies
Ar, #Ar, = B=B". O

3.2 Singular perturbation with k =1

In this section we consider singular perturbations of the selfadjoint operator A of the form
Ap=Ag—GO'G*

for the case that G maps into !, i.e. k = 1. The mathematical rigorous definition of this
operator is done with the generalized boundary triple from Theorem [3.3] Note that Gy = G
because k = 1 implies j =0, cf. on page 29 Hence the operator 7' from (33)) in Lemma[3.4]
is given by

Tu:=Apu—Gh,  domT :={ueH’:3he G with Agu— Gh € H°},
and the boundary maps of the generalized boundary triple (G,Iy,I"1) are given by

I'yp:domT7T — G, uh,
I'1:domT — G, u— G*u.

For a symmetric linear relation ¥ in G with, e.g., 0 € p(9) the operator Ay is defined by

Apu:=Tu, domAy :={ucdomT :Tu € ¥} ={ucdomT : {h,G'u} € ¥}
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As ©~! is an operator the “abstract boundary condition” {,G*u} € ¥ in the definition of dom A
can also be written as 2 = ¥~ G*u. Hence the action of A is given by

Agu=Tu=Apu— Gh=Apu— G8~'G*u,

which is exactly the desired action. The advantage of defining Ay with the help of (G,Iy,T';) is
that one is now able to apply the whole machinery of generalized boundary triples to analyze the
operator Ay.

In the following example we will define Schrodinger operators with d-interactions on the bound-
ary of a C*-domain as singular perturbations of the Laplace operator. In order to get the same
setting as in [[12]] we assume that the boundary is C*-smooth, although much weaker assumptions
are possible.

Example 3.8. Let Q C R? be a bounded C*-domain with boundary X. Define in L?>(R?) the
selfadjoint operator

Au:=(—A+1)u,  domA=H*(RY).

As already mentioned in Example 3.3 the chain of Hilbert spaces induced by A coincides with
the Sobolev spaces H*(R?), s € Z. For h € L*(X) and ¢ € H'(R?) define

(h5) @ := (h,try @) 2(x)

As ¥ is a manifold of codimension 1 we get with Lemma (for € = %) hoy € H_I(Rd).
Moreover the operator

G:L*(X) - H 'RY,  h— héy,

is continuous with ||G|| < ||tr} |, injective and satisfies ran G N L*(R?) = {0}. Hence G satisfies
all required conditions in (3-I)) on page @ for G = L>(X) and k = 1. The operators S and T and
the boundary maps from Lemma 3.4 and Theorem 3.5]are given by

Su=(—A+1)u, domS = {u € H*(R?) : 2 u = 0},
Tu=(—A+1)u—hds, domT = {u € L*(RY) : 3n e [X(%)
with (—A+ 1)u—hdy € L*(RY)},
and
l"o:domT—>L2(Z), u—h,
[y:domT = L*(Z),  wuwstriu ©.6)

Note that Iy is well defined because dom 7 C H'(R?), cf. Lemma 3.4} and that

(Gh,u) - 1(RY),H (RY) = (hdz,u) - 1(R4),H (RY) /h trzudsf (h, tr2u>Lz():>
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holds for all u € H'(R?) and & € L*(X), i.e. G*u = trl u. Hence if we assume that the parameter
®is in R\ {0} (it is also possible to allow a function 1% on £ with #~! € L*(X)) the operator A
is given by
Agu=Tu= (—A+1)u—hds = (—A+ Du— 9" "trku- 5,
domAy = {u € domT : OTou =Tu} = {u € domT : Hh = try u}.
In particular the action of Ay coincides (up to the constant +1) for ¢ = ¢ with the one given in

(TI) on page which was our first formal definition of a Schrédinger operator with §-interaction
of strength é on X.

A consequence of the next Lemma is that the operators Ay constructed above in Example 3.8 co-
incide with those which are known in the literature as Schrodinger operators with -interactions
on manifolds of codimension 1.

Lemma 3.9. The generalized boundary triple (L*(X),To,T'1) with the boundary maps T and Ty
Sfrom B.0) coincides with the one given in Proposition 3.2 in [[I2]].
Proof. Note that every u € dom T can be written as u = u; ® u, with u; € L2 (Q) and u, € L2(Qc).
Next consider the operator
Tu=(—A+1)u; ® (—A+1)u;,
domT = {u=u; du, € HZ/Z( Q) 3/2(52‘) trhgui = trhocue}
with tr},, and tr} .. as defined in the text before Lemma and
HY*(Q) = {u; € H/*(Q) : Aw; € [X(Q)}  and
HY(QF) = {u, € HY2(Q) : Au, € L2(Q°)}.

Note that tr}, u; = tr} . u, implies u € H' (RY), cf. Lemma We define now the boundary
maps o, [y : domT — L*(Z) by

fou = aveueb: + 3\/[14,"2 and

Dju=triu,

where dy, and d,, denote the normal derivatives with the normal vector v, and V; pointing out-
wards the domains Q¢ and Q, respectively (i.e. they point in opposite directions). According to
Proposition 3.2 in [[12] the triple (L?(X),[,T}) is a generalized boundary triple for the closure
of T. Hence we get with Greens identity for every ¢ € H*(R) C ker['g and u € dom T

(=A+1)u, @) -2y ey = (s (—A+1)@) p2ay = (u, T9) 12 (ray
= (Tu, @) 12way — (T, Do@) 2 + (Tou, T19) 25,
= (Tu >L2(]Rd)+< ou tr)l:”>L2():)
= (Tu, 9) 12(ra) + (Tou) 8, @) -1 (raty g1 (met)-
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Therefore we get

(=A+ 1)u— (Fou) 8, @) -2 (ra) p2may = (T, @) 2ty pr2(meat)-

As this identity holds for all ¢ € H*(RY) we get (—A+ 1)u — (Tou)dg = Tu € L*(R?) and
uedomT. Hence T C T, Ty CTyand 'y CTy. In particular we get kerT C kerT. As Iy
maps ker T isomorphically to L?(X), Ty is a restriction of 'y and I'y maps ker T isomorphically
to L2(X) both kernels coincide. Hence

domT = H*(R?) + kerT = H*(RY) + ker T = domT.

Therefore 7 = T and the triples (L*(X),[o,T'1) and (L?(X),To,T'1) coincide, i.e. our approach
for &-interactions on hypersurfaces coincides with the approach presented in [[12]]. O

Recall that the Schrodinger operators constructed in [[12] with a generalized boundary triple can
be constructed alternatively with a semi-bounded sesquilinear form, cf. Proposition 3.7 in [[12]]
for more details.

At the end of this section we will provide an explicit representation of the operator $* which will
be used later on in Section

Theorem 3.10. The adjoint operator of S from Example [3.8is given by
S*u=(—A+1)u—hoy,
domS* = {u € L>(RY) : 3h € H3/2(X) with (—A+ 1)u—hds € L*(RY)}
where the distribution hdy € H>(R?) for h € H=3/2(Z) is given by
(h5z) (@) := (h, tr)z: (P)Hf3/2(z),1-13/2(z)~ 3.7)

Proof. As k=1 we have j = 0. Hence the space G* defined in the proof of Theorem 3.5 and its
dual space G~ are given by

G =ran (G FHZ(R‘I)) = ran (try [Hz(]Rd)) = HY?(x) and G- =H (%),
cf. Lemma As G*'u = tr)l:u for all u € H'(R?) the operator G® defined in Theorem [3.6|is
given by G® = tr : H*(RY) — H*/?(X) and due to
((G®)*h, (P>H*2(]R"),H2(]R") = <h7G®(p>H*3/2(Z),H3/2():)
= (h,tr% (P)HJ/Z(Z)’HS/Z(Z) = <h5>:"P>H*2(Rd),H2(R”)

for all h € H-3/2(L) and ¢ € H*(RY) the operator (G®)* : H™3/2(X) — H 2(RY) satisfies
(G®)*h = héy with hy defined as in (B-7). The facts that hSy belongs to H~2(R¢) and that
ran(G®)* N L*(RY) = {0} holds can be seen analogously as in Lemma
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With Lemmawe obtain for i € H=3/2(Z)
| (h8s) (@)] = | (h tr O)y-312(5) w32 (3]
< gy N2 @llege) < Wellvage) - 152 - @l

and hence hdy € H2(R?) with [|h8z|-2(pay < || trg |- 1]l 7-3/2x)- Furthermore there exists a
sequence (@,), C .7 (RY) with Pnllz2(rey < N@ull 172 (may 22, 0 and @, = 1 on X. Hence we
get for every y € C(RY) and every hy € ran(G®)*NL*(R?)

(héz) (W) = (h,tl‘% W)H’3/2(Z),H3/2(2)
= (M UE W) 325y () = (hSs) (Wn) = (hSz, Wu) ey = 0,

i.e. h6z = 0 and therefore h = 0. The representation of S* follows now with Theorem[3.¢, [

3.3 Singular perturbation with k =2

If G maps into H 2 it is not possible to define a selfadjoint operator associated to
Ag =Ag— GO 'G*

except for the case that the perturbation G ~'G* is absent. The reason is that the domain of Ay
would be to small for selfadjointness. To see this note that k = 2 implies j = 0, cf. (3.2). Hence
Go = G and the operator T from (33)) in Lemma[3.4]is again given by

Tu:=Aou—Gh,  domT :={ucH":3he G with Agu— Gh € H}.

Obviously a realization Ay of Ay in H° has to be a restriction of 7' with h = 9 ~!G*u. On the
other hand dom G* = H¥ = 7{? and hence

domAy C H>NdomT - H>.
But u € H? implies Agu € 1 and hence (due to the uniqueness of )
Agu— GO 'G*u = Agu = Tu = Apu = Au.

So Ay is either A itself or a restriction of A. In the second case Ay is only symmetric because A
is already selfadjoint.

A way to get nevertheless selfadjoint perturbations of A which are at least quite similar to our
original aim is to use a regularization trick. Recall that we can decompose dom7 into dom7 =
H*4-kerT, cf. Lemma With the (nonorthogonal) projection P defined by

P:domT%’Hz, U = Uc~+ Us — U,
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we modify the expression Ay slightly to
As =Ao+ GO 'G*P.

The boundary maps of the generalized boundary triple are given in the case k = 2 by

I'yp:domT — G, urh,

I'1:domT — G, u— Gue.
For a symmetric linear relation ¥ in G with 0 € p(¥¥) the operator Ay is now defined by

Agu:=Tu, domAy :={uecdomT :Tu € 8} = {u € domT : {h,G"u.} € ¥}.
Hence the action of Ay coincides with the action of the expression Ay:
Agu=Tu = Agu— Gh = Apu — GO~ 'G*u,.

An example for singular perturbations of selfadjoint operators with k = 2 are again Schrédinger
operators with d-interactions, but now supported on manifolds of codimension 2 or 3. We will
investigate this example in detail in Chapter [

3.4 The supersingular case k > 2

If k > 2 the task to give a meaning to the expression Ay = Ag — G ~'G* is more challenging.
The reason is that it is not possible to give any meaningful sense to the expression Ay as an
operator in the Hilbert space H® except for the case that it is a restriction of A. Indeed, if
vi= Agu = Agu — G~ G*u would belong to H° for some u € H° this would imply

ranG 2 GO 'Gru = Agu—v € H 2 CH

But G is assumed to be injective with ran GN'H %! = {0}. This means ¥ ~'G*u = 0 and hence
Aou € HO or, equivalently, u € H>. Therefore every realization of A,y must be a restriction of A
if we are limited to the space HO.

Hence if one wants to construct a selfadjoint realization Ay of the expression Ay it is necessary
to extend the space, i.e. we consider a space which contains #°. Of course one could consider
the space ¥, but this space is much larger than necessary. Therefore we will consider a smaller
space, just large enough for our purpose. In order to do spectral analysis this space should be
chosen in such a way that ran(Ay — A)~! is contained for all suitable A. Inspired by the formal
calculation

(Ag—A)'=(A—2)"! {Aﬂ —2 +G19’1G*] (Ag—A)~!
—(A—2)"! {1+G19—1G*(A1, - /1)—1]
=(A-M)""+@A-2)16G7'G (As—1)!
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a possible choice might be H° + (A — 1)~ ! ran G, but this space is A-dependent. Using
[—AA™ = (1—2A7Y) <I+1A’1 . +/1f*1/r<f*1>)
=(A-A) (AT + A4 2+ A 1ATY)
we can write the resolvent (A —4)~! as
A-A)l=@-1)" [(A —A) (AT A2 2T A +)LjA’j]

=(ATTHAAT A ATIAT ) (A2 A

Hence
As—A) =@+ (A HATTAT (A1) AT G TG (A )T

Keeping in mind that ran(A — 1) 'A~/G C H*+2+2 C HO we get

ran(Ag —A) ' CHO+A 'ranG+ ...+ A ranG. (3.8)
(Recall that this calculation is just a formal calculation. In particular A~! ran G is not well defined
because ranG C H % and domA~! C H®. This problem can be resolved by replacing A~! by
A:}( Lo~ In order to keep notation simple we will omit the index —k +2 as it will be clear from
the context which operator is meant.) In particular the right hand side of 8.8) is independent
of A. For technical reasons it is better to consider the space K := HO+ Z,zi | A~'ranG, which
we will call in the following the extension space. Note that A~!G provides an isomorphism
between G and A~'ran G. Hence the space H°+ lei ) A~'ran G is isomorphic to the space K :=
1O x G/ x GJ, which we will call in the following the model space. In the next subsection we
will equip K with an inner product such that it becomes a Krein space and construct a boundary
triple which allows us to define a certain linear relation Hg. Afterwards, in Subsection 3.4.7] we

motivate by an example how this linear relation Hg can be seen as a selfadjoint realization of the
formal expression Ay.

3.4.1 A boundary triple in the model space
Consider the spaces j := G/ x G/ and K := H? x h = HO x G/ x G/. We write the elements of h
and K as

. u
Y ;| and f

f fl

with £, f € G/ and u € H, respectively. Sometimes it is more convenient to write these elements

as row vectors, e.g. as

W fif) = (W fryee s fi3 floe s )
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with u € H% and £, ' € G/ or fiseoos fisfil--- . f; € G. Here a comma is used to separate the
different entries from G, whereas a semicolon is used to distinguish the entries from HO and G/.
We equip the space fj with the inner product [-, -], defined by

[Hﬂ ’ L?'H]h T i (<ﬁ’g/f*l+l>9+ <f1/»gjfl+1>g>

1=

. Ig
= <B m ; M> , with B:= € L(G xG),
S 81/ gixgi I

where Ig denotes the identity in G. Furthermore, we equip the space K with the inner product

[+, -] defined by
u v
r|fe|| = woner |[4][]] -
f/ gl c p h

In this way (b, [-,-]y) and (K, [, -]x) become Krein spaces.

Recall the definition of the operator 7 in equation (.3) in Lemma 3.4] and the boundary maps
I'p and I'; from Theoremn 3.5l With the help of these objects we define the linear relation 7' in K
(i.e. a linear subspace of IC x K) by

u Tu -
I R LI /e L R B B A B

ol ¢ fif88 €6 g=gmn " g =Tou

Note that there are no restrictions concerning the element f;. Hence fj’- € § is arbitrary and
therefore mul 7' = span{(0;0,...,0, f;;0,...,0) : f; € G} #{0}. Due to its important role and to
distinguish it from the other components we will denote the component fj’~ in the following by

Q.
Define now the boundary mappings ['p: 7 — G and I’} : T — G by

f‘o{(u;rﬂl,fz,.. . 7,fj;gla" . vgj)a(Tu;fL“ . 7fj:(P;82w ..,gj7F0M)} =81
fl{(u;rlu7f27-"7fj;g17'“7gj)7(Tu;f27"'7fj7(P;g27“'7gj7r0u)} =0.
As usual we define " := (E’) : T — G x G. For the next theorem we need the y-field y(1) and
the Weyl function M(2) of the generalized boundary triple (G,I'o,I'1) from Theorem 3.3]

Theorem 3.11. S := kerl is a closed symmetric relation in K with §* =T and (G,Ty,T)
is an ordinary boundary triple for §T. The linear relation Hy := kerTy is selfadjoint in K,
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p(Ho) = p(A), 6,(Hy) = 6,(A) and 6.(Hy) = 0.(A). Moreover the matrix representation

A= o 0.0y At 1] ]
0 0,0
1 0

YA | Lol M(A)A,
(Ho—2)"' = A 0
0 10
: VEEE 0
L 0 0 |

holds for all \. € p(Ho) with the matrices J, € GU=D>U=1) and A) € G/*J defined by

-1

1 1 Al g 1

I Al o )2

Jy = A . ' ) = l ) ) and Ay = .
,,i 1 ,1.1:72 QL. 1 R S WA W i

Proof. At first we will show that S := ker I is a closed symmetric relation in K with ST = T and
that (G,Ty,I") is an ordinary boundary triple for §*. According to Lemma it suffices to
prove the following items:

(i) ran[' =G x G.

(ii) There exists A € R such that ran(Hy — A) = K, i.e. for every V € K there exist U, U’ € K
with {U,U'} € T,To{U,U'} =0and U’ — AU =V.

(iii) Forall {U,U"},{V,V'} € T holds

HU’,V]]}C - HU7V,]]/C = <f| {U7U,}7f0{vv Vl})Q - <f|{U7U’}1f0{V7 V/}>g.

Let A € p(A). LetV = (v;hsk) e K= HO x G/ x G/ be arbitrary. Set g := 0 and
—1
82 ki 1 ki
=J) = —A

8j kj,1 -4 1 kj,1
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In particular we have g; = Zf;: A7~ 1k,. Moreover define
i
u=A-1)"v+ Y(A)(kj+Agj) = (A— A v+y(A) Z A"k, € domT,

r=1

J ) - j )
fi=Tu=T1A-1)"v+T1y(d) Y Ak =AY v+ ML) Y, Ak,

r=1 r=1
£ m1 1 I as
: : 0 _ : 0
=J + . = A ) . + .
.f] hj—l 0 -1 1 /’lj_] 0

and @ := hj+ A f;. Hence if we set U := (u; f;£) and
U'= (s f8) = (Tus fo,.... f, 9382, .85, Tou)
we obtain
{v.u'}= {(u;fl,m,fj;gum,gj)v(Tu;fz,~~-,fjafp;gz7~-~7gja1"0u)} €T
according to the definition of the linear relation 7. Moreover we get [o{U,U’} = g; = 0 and
W —Au=(T—=ANu=(T-L)(A-A)"v+ (T-2)yA)(kj+Agj)=v

because rany(A) C ker(T — A). Due to ¢ = hj+ A f; we obtain further

f [—Afi =AM
1) f = + : _
U fi : fi—Afi
® _*lfj hj
As
fr—Afi [—Afi £ ]
: _ 0 f=Af
fj_ifj—l | 0 fi—=Afi-]
—Afi 1 f2 —Afi h Afi hy
0 A : 0 : 0 :
= + = . |+ + =
0 i -2 1 jj 0 hji 0 hii
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we conclude f' — A f = h. Moreover we get with Tou = To(A — A)"'v+Toy(A) (k; + Ag;) =

kj—i-lgj

Due to gy =0 and

g2 —Agl

gj—Agj-

& 81 g2 —Ag
¢ —Ag— Sl Al = :
8j : 8ji—Agj-1
Fou gj kj
1 82
g—Ag | |-A - 83
. gi—Agj-1 -1 1] |&

ky

we conclude g’ — Ag = k. Together with ' — Au =v and f' — A f = h it follows

U—AU =W —Ausf' —Af;8 —Ag) = (v;hyk) = V.

Hence we have shown that for A € p(A) and V € K there exists U,U’ € K with {U,U’} € T,
[o{U,U'} =0and U' — AU =V. As A is a selfadjoint operator semi-bounded from below the
intersection p(A) NR is nonempty. Hence item (ii) is satisfied.

In particular we have shown {U,V} = {U,U’' — AU} € Hy— A, i.e. {V,U} € (Hy—A)~!. We
will show later p(A) = p(Hp). Hence (Hy — A)~! is an operator and (Hy — A)~'V = U holds.

Note that

A
f2
fi
81
82

(A=) v+ YA T A7k,

L8]

YA v+ MA) T ATk,
hy Afi
: 0
A e
hjy 0
0
ky

ki1

(3.9
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Due to
Afi 1 A
0 A 0 _ i
I - (vxyv+m) Y, M’k,.)
: r=1
0 A2 A 1110

- _ . ky
A-y(A)*v A AT A .

=1 M| AR
AT ly(L) 2272 0opd it :

L kj

equation (B.9) can also be written as

[ @a-1"" o 010 1yA) -+ 1-y(A) T 7 v T
1y(A)" |0 0,0 hy
A-y(A)" 0 hy
s Lo M(A)As :
U= | A1 yd)* ) hi |- (3.10)
0 0 -~ 000 ki
0 :0 ko
: Lo 0 2
L 0 10 |L kj i

Together with (Hy — A)~'V = U equation (3.I0) shows the matrix representation of the resolvent.
To show item (i) it suffices to note that for arbitrary g; € G and ¢ € G the element
{(0;0,...,o;gl,o...,0),(0;0,...,0,¢;04..,0)}

belongs to 7" and that

f{(O;O,...,O;gl,O...,O),(O;O,...,O,(p;O...,O)} - [gq;].
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To show item (iii) let {U,U’},{V,V’'} € T be arbitrary. Then

HUI7V]];C = [[(Tu;fz,...,fj,(p;g27...7gj,l“0u), (V;F1V,h27...Jljﬂ(],...,kj)]]lC
= (Tu,v)yo + (f2,kj)g + ..+ {fi- k2)g + (@,k1)g
+(g2,hj)g+...+(gj,h)g + (Tou,T'iv)g
= (Tu,v)qp0 + Tou,T1v)g + (@, ki)g
+ {2kl + -+ (fiska)g + (82, hj)g + -+ (8j: 2)g

and analogously

U, V]k= [[(u;l"m,fz,...,fj;g],...,gj)7 (Tv;hg,...,hj,w;kz,...,kj,rov)]K
= (u,Tv)gp + T, Tov)g + (f2.kj)g + ...+ (fi,k2)g
+ (81, ¥)g + (82, hj)g + ...+ (gj, 2)g
= (0, Tv)30 + (T, Tov)g + (g1, ¥)g
+{(f2.kj)g+ -+ (fiska)g + (g2.hj)g + ..+ (gj, h2)g-
Using Green’s identity for the triple (G,To,T';) and the definition of ['g and [} we get

U Vi —[U,V1k
= (Tu,v)30 + (Tou,T'1v)g + (9, k1)g — (u, Tv)go — (T, Tov)g — (g1, ¥)g
= (.ki)g — (g1, ¥)g = (T1{U,U'},To{V.V'})g — (Do{U, U}, T {V,V'})g.
As (i), (i1) and (iii) are satisfied we know due to Lemmathat S:=kerl"isaclosed symmetric
relation in /C with §* = T and that (G,[, ') is an ordinary boundary triple for §*. Hence

it follows immediately that Hy := kerly is a selfadjoint linear relation in iC, cf. for example
Proposition 2.1 in [24] (see also the text before Theorem 2-8)).

Next we compare the spectra of A and Hp. At first let A € 6,(A) and let u be a corresponding
eigenvector. In particular u € domA = ker['y. According to the definition of 7 and [y we get
{(u;rlu,xrlu,...,M—‘rlu;o,...,O) (Tu;/lrlu,...,)u'rlu;o,...,o,rou)} € ker[y = Ho.

Due to u € domA = kerI'y and Au = Au we get

[ Tu T i Au T [ u T
/ll“lu /lT]u F]M
M*‘l"lu /l-/lf*ZFlu Aj72F1M
Ml“lu = /l-lf”l"lu =2 M*'Flu s
0 0 0
0 0 0
L Tou | L 0 ] L 0 |
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ie. 0# (wTu,Alu,..., A" 'Tu;0,...,0) € ker(Ho — A) and therefore A € 0,(Hp). On the
other hand, if A € 6,(Hp) there exists (u; f;g) € K\ {0} with (u; f;¢) € ker(Hy — A). Therefore
u € domT, g; =0and

[Tul u
f2 Tu
: f2
fi :
o | =1]|f
8 0
: 82
8j :

Ll ou L g; |

Hence lou=Ag; = lzg_,-,l =A/71gy =A17.0=0,ie. u € domA and therefore Au = Tu = Au,
i.e. u € ker(A — A). Note that u = 0 would imply f> = AT'ju =0, hence f3 = A f, = 0 etc. such
that we would finally get (u; f;g) = 0, which is a contradiction. Hence u is an eigenvector of A,
i.e. A € 6,(A). Therefore

op(A) = 0p(Hp). 3.11)

In item (i) we have shown that ran(Hy— A ) = K holds forall A € p(A). Moreover forall A € p(A)
holds ker(Ho — A) = {0}, cf. B_I1)). Hence (Ho— A)~! is a closed operator defined on the whole
space K and the closed graph theorem implies (Hy —A)~! € £L(K), i.e. A € p(Hp). As this is
true for all A € p(A) we conclude

p(A) € p(Ho).

If 2 € p(Hp) then (Hy—A)~! € £(K) and ran(Hy — 1) = K. Hence for a given v € H? exists
{U,U’} € Hy such that U' — AU = (v;0;0), i.e. there exist f,..., [}, 9,82,...,8; € Gand u €
domT with

[Tul u v
f Tl |0

: 12 0
f; : :
o | —Afi|=10
82 0 0

: &2 0
gj : :
[ Tou] Lg; 1 LO]

Hence Tou = Ag; = A%g;_1 = A/ 1gp =A/-0=0, i.e. u € domA and therefore (A — A)u =
(T —A)u=v. As v € H° was arbitrary we get ran(A — 1) = H°. Moreover ker(A — 1) = {0},
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cf. BI0)), and (A — 1)~ is closed. Hence (A —21)~! € £(K) and therefore A € p(A). As this is
true for all A € p(Hp) we conclude p(Hp) C p(A) and hence

p(A) = p(Ho). (3.12)

If A € 6.(A) we conclude from and BIT)) that A € o(Hp) \ 6,,(Hop). Furthermore we know
A € R because A is selfadjoint in the Hilbert space H°. If A € 6,(Hy) then ran(Hy — 1) # K and
hence (ran(Hp — A))* # {0}, where L denotes the orthogonal complement with respect to the
Hilbert space structure of IC. Moreover, we have

{0} =ker(Ho— 1) = ker(H; —A) =ker(Hy— )"
—ker (J (Hy—A)*J) = ker(Hy— )" = (ran(Ho — 1))~ # {0},

where (Hy — A)* denotes the Hilbert space adjoint of Hy— A and 7 a fundamental symmetry of
K. Obviously, this is a contradiction and hence A ¢ o,(Hp). Therefore A € o.(Hp) and hence
0.(A) C o.(Hp). As C=p(A) Uoc,(A) Uoc(A) we conclude with and B11)

o.(A) = o.(Hp). O
In the next theorem we investigate the connection between the y-fields and Weyl functions of
(g,l"o,l“l) and (g,l"o,l"l).
Theorem 3.12. The y-field of the ordinary boundary triple (G,Ty,T1) for §* is given by

[ AMy(A)gr T
ATM(A)g1
7ip(Ho) — L(G.K), o
. with — JAM)gi=| AY '"MA)g1 |, g1 €6
A= YA, a
L 7“'718.’1 )

For each A € p(Hy) the Krein space adjoint ¥(A)" € L(K,G) of ¥(1) satisfies

By i B i

FA) T (vihsk) = 2 y(A) v+ (): A’ ’m) FA M) (Z p lkl)
=1 =1

for all (v;h;k) € K. Moreover the corresponding Weyl function M : p(Hy) — L(G) satisfies
M(L) = A%M(Q) for all A € p(Hp).
Proof. Recall #(1) = m;(Fo [ N3)~! with Ny = {{U,AU} : U € ker(S* — 1)} for A € p(Hy).
Note that U € ker(S* — A) implies {U,AU} € §* = T and hence

()Lu;/lrlu,lfz,,..,/’ij;lgl,...,/lgj) =AU = Ul = (Tu;fz,...,fj7(p;g2,.,.,gj,rou).
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In particular we have Ag; = g2, ..., Agj_1 = g;,Ag; = [ou and hence Tou = A/g;. Moreover
we have AT'yu = f, ..., Afj_1 = f;. Furthermore u € ker(T — A ) and hence I'ju = M(A)Tou =
AIM(1)g;. Due to To{U,AU} = g| we get therefore

u u u
Flu F]M le(l)gl
) AT1u AHIM(A)g
?(l)gl :ﬂl{U,ﬁ,U}:U: fj = M*'Fm = ﬂ,zjilM(l)gl
81 81 81
: Ag1 Ag1
gj-1 o I
Lgil Latal L alg |

Due to M(A) =Ty (I [ NV3)~! we observe analogously
M(A)g1 =T {U AU} =@ =Af; =2 A% "M(2)g1 =AM (R)g:
forall g, € G.

To show the representation of (1) let g; € G and (v;h;k) € K be arbitrary. Hence

MyMer 7 [v]]
ATM(2)g hy
le1, 7(A) " (vihsk)]g = [H(A)g1, (vihs k)] = AHIM()gr | | hy
81 ki

L AS1 81 i k.j_ i

= (AIY(A)g1,V)g0 + AM(A)g1, ki) + ...+ (AY~ 'Mmgl,m
+ (g1, j>g+---+<l’ le1,h1)g

= (1. A1) Vg + (1. A MA) ki) +...+ (g, A M) ki)g
g h)g oo+ (g1 A g

:<g,,x"y( 4 <IZA’ ’h,>+/1 M(A)* (Z)L” >>g

As g1 € G and (v;h;k) € K are arbitrary the desired representation of 7(A) " follows. O

As in Lemma |3;7| we define for the following theorem the operator Ar, := T [ kerI;.
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Theorem 3.13. Let ® be a closed linear relation in G X G, A € p(A) = p(Hp) such that 0 €
p[® —M(A)] and let Hg := {{U,U’} € St : {[\{U,U'},'1{U,U'}} € ®}. Then A € p(Hp)
and
. 1 - - 1
(Ho—2)"' = (Ho— )" +7(A) [0 —-M(A)] 7(A)". (3.13)
Furthermore, if we define the operators
Py K —H, (wf:8) —u and Epo:H' = K, v (v0;0),
we get the formula
Pyo(Ho—A) 'Eyo = (A—A) "' + 2% y(A) [0 — A% M) 'v(2)". (3.14)
In particular PyoHg 'E;0 = A™1. Moreover the identity PyoHoE;p0 = Ar, holds.
Proof. From Theorem .8 and Remark 2.9 we observe 4 € p(Hg) and the formula (3:13). From
the matrix representation in Theorem we know Pyo(Ho—A)'Ego = (A—A)~". Further-
more we observe from the representations in Theorem the identities Py0¥(A) = A/y(A) and
FA) Eyo = 27 y(A)* as well as M(A) = A2/M(A). Hence (B-13) implies

B -1 _
Pyo(Ho — ) Epo = Pyyo(Ho— 1) " Ejpo + Pro¥(A) [(an(x)] YA) Epp

=(A-2)""+A0y) [@—ZZJM()L)] i@y,

which yields (3T4). For the special case A = 0 we get PyoHg'Ejo = A~!. To show the last
statement note that the linear relation Hg is given by

He = {{U,U'} e St : {[0{U, U}, T {U,U"}} € ®}

_ (u;rluaf27'"7fj;gl7"'agj) .
- { |: (TM§f27~~wfj7(P;82>-~~>gj7F0M) 'uedomT7{gl7¢} €Oy (315)

Written as a linear relation the operator E;0 has the representation
Eyo ={(n,(1:0;0)) : v e H}. (3.16)
According to the definition of multiplication of linear relations (3-I3)) and 3-16) imply

HeEy0 = {{% (Tu§f27---7fj»<P?827---7gj7F0M)} :
(u7070) = (u;rluvaa"'a.fj;gla"'agj)vu S domT, {gh(p} € G)}

= {{u,(Tu;O,.A.,0,(p;0,..4,0,1“0u)} tuedom7,Tu=0,{0,0} € (9}.

Note that u € domT and I'yu = 0 implies u € domAr,. Hence we get

PyoHeEy0 = {{u,Tu} :u € domT,Tju=0} =T [ kerI'; = Ar,. O



52 3 Selfadjoint operators with singular perturbations

As a corollary of the previous theorem we get the following observation about Schatten-von
Neumann classes.

Corollary 3.14. Let © be a closed linear relation in G X G, L € p(A) = p(Hy) such that 0 €
p[®@—M(A)] andlet Hg := {{U,U’'} € S* : {T{U,U'},T1{U,U’'}} € ®}. Furthermore assume
that G* : H* — G is a compact operator in GP(’Hk,Q)for some p > 0. Then
—1 —1
Pyo(Ho—A) Eqp—(A—A) EGg(H),
Proof. With equation (3:14) from Theorem .13 we observe
Pyo(Ho—A) 'Epo = (A—2)"" + A% y(1)[@ - 22 M(1)] _ly(x)*.
Note that ran(A — 1)~ = %2 because A € p(A). Hence we get with Lemma@

YA =TiA-1) " =Gya-T) " = G°A

k—2j+2(A_I)7l‘

As Ak_fsz(A —A)"' 1O — HPIF2 C H¥ s continuous and G* € &,(HK,G) we get y(A)* €

& (H°,G), cf. Corollary 2.2 in Chapter Il of [37). This implies ¥(1) € &5 (G, H"). As
[@—-2%M(1)] ' = [0—-MmA)] ' € £(9)

because 0 € p[® — M(A)] we observe again with Corollary 2.2 in Chapter II of [37]
A2Y2)[0=22M(2)] 'y(R)" € S5 (H).

From this the claimed result follows. O

3.4.2 Connection of the model space /C with the extension space

We have already motivated at the beginning of Section that £ = HO4+ Z,zi 1 A~"ran G would
be a suitable space for an operator associated to the formal expression Ay (as in Section 3-4]
we write in the following just A~/ instead of A:ll). In this subsection we motivate how an inner
product on a subspace of K should be defined and how the linear relation Hg corresponds to Ayg.
In order to avoid extensive calculations we just consider here the case k = 3, the other cases are
similar, but more technical.

At first we note that k = 3 implies j = 1, hence the extension space K is given by
K = 1+A ' ranG+A % ranG.
Define the subspace

K :=H*+A 'ranG+A % ranG.
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Let u+A~'Gf+A2Gg and v+ A~ Gh+ A~2Gk be two elements in K. Assume that [-, Qe is
an inner product on K which is compatible with the scalar product (+,-)90 and the dual pairings
(*s-)3-131 and ;)32 32. Then

[u+A"'Gf+A*Gg,v+A 'Gh+A G|
= [u,v] g + [u, A" Gh] ¢ + [u.A"*GK] ¢
+[AT'Gf V] +[AT'GF. AT Gh]p + [A'Gf.AT2GK] ¢
+[A2Gg V] + [A*Gg, A Gh] o + [A2Gg. A" *GK] ¢
= (u,V)q0 + (u,AilGh>H17H71 + (u, A" Gk) 30
+(ATGE Vg1 g0+ AT GFLAT GR] g + (AT G AT GE) g1 0
+(A72Gg,v) g0 + (A 2Gg, A" Gh) g 31 + (A72Gg, A2 Gk) 0.

Note that there is no chance to give a meaning to [A~'Gf,A~'Gh] % such that it is compatible
with (-,-)50 and the corresponding dual pairings because A~'Gf and A~'Gh belong both to
HI\HO for f,h # 0. Therefore we will set it equal to 0 in the following. Hence we get with
the adjoint G* : H> — G of G

[u+A"'Gf+A*Gg,v+A 'Gh+A*Gk]
= (U, V)30 + (G*A u, h)g + (G*Au,k)g
+{f,G*"A" W) g+ 0+ (G'A3Gf,k)g
+(g,G* A" ) g + (g, G*AGh)g + (A" *Gg,A">Gk) 3.

Regrouping the equation above we get
[u+A"'Gf +A*Gg,v+A"'Gh+A>Gk]¢
= (u, V)30 + (G*A™ u, h)g +(f,G*A v)g (3.17)

+(G"'Au,k)g +(8,G"Av)g
+(G*'ATGf. kg +(8,G" A Gh)g + (A 2Gg,A>Gk)p,

which we will use as our definition for [-,-] .

Next we observe with a formal calculation

Ag(u+A'Gf+A2Gg) = (A— GO 'G") (u+A"'Gf +A*Gg)

=Au+Gf+A"'Gg— GO 'G'u—GOT'G* (A'Gf +AGg)
=Au+A"'Gg+G(f -0 'G'u) —GO'G* (AT 'Gf+A2Gg).

Note that due to dom G* = H? it is not possible to give a reasonable meaning to the last summand
G~ 'G*(A~'Gf +A"2Gg). Therefore we will ignore it in this consideration. Due to ranG C
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H 3 and ran GN'H 2 = {0} the expression G(f — ¥~ 'G*u) just belongs to K if f = 9~ 'G*u.
Hence a reasonable realization Ay of Ay is given by

Ap(u+A"'Gf+A72Gg) :=Au+A"'Gg,
domAg == {u+A"'Gf+A2Gge K: f=8"'G"u}.

Lemma 3.15. The operator V : K — K defined by

u+A"2Gg u+A"2Gg
u+A'Gf+AGg > |GAT U+ GAT3Gg | = | Gi(u+A2Gg)
f !

is isometric. Moreover, if ¥ is a closed operator in G with 0 € p(¥) and Hy is defined as in
Theorem[3.13} then HyVx = VAyx holds for all x € domA .

Proof. Letx=u+A"'Gf+A2Gg and y = v+ A~ Gh+ A~2Gk be two elements in K. Then
u+A"2Gg v+A"2Gk
[Vx,Vylk = || |Go(u+A"2Gg) | , | Gi(v+A—>Gk)
f h K
Gj(u +A*26g)] {Gg(v +A*2Gk)H]
f ’ h b

= (u +A*20g,v+A*2Gk>Ho+<{ / ]’[GS(V+A72Gk)] >gxg'

= (u+A2Gg,v+A2Gk) g + [H

G{(u+A~2Gg) h
Using G§ = G*A~! and the definition of [, [z in 3I7) we get

[V, Vylxc = (u,v)q0 + (4, A"2Gk) 30 + (A2 Gg,v) 30 + (A2 Gg,A"2Gk) 30
+(f,G"A )G+ (f,G*ATGl)g +(G"A™"u,h)g + (G"AT>Gg, h)g = [x,)]¢-

This shows that V : K — K is an isometric operator. To show the second statement let x =
u+A"'Gf+A"2Gg € domAy, i.e. f = 9~ 'G*u. Note that u+A~2Gg € ! and

Ao(u+A"2Gg) —Gog =Au+A"'Gg—A"'Gg = Aue H°.

This means u+A~2Gg € domT, T (u+A"2Gg) = Au and Ty(u+A~2Gg) = g. Hence

u+A"2Gg u+A"2Gg
Vx=|Gj(u+A2Gg)| = |T1(u+A"2Gg)| € domT
f 971G u
and therefore
u+A"2Gg T(u+A"2Gg)
{U, U}y :={ |T1(u+A"2Gy) |, G*u eT.

3~ 1G*u To(u+A"2Gg)
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Moreover 9T0{U,U’} = 997 'G*'u = G'u =T{U,U'},i.e. {U,U'} € domHy. Hence

T(u+A"2Gg) Au Au+A"2G0
HyVx= G'u = |G*'u| = |G*A'Au+G*A3GO
To(u+A~>Gg) g g
=V(Au+A"'Gg+A2G0) = V(Au+A"'Gg) = VAyx. O

3.4.3 An example for supersingular perturbations

Let £ C RY be a C*-manifold of codimension 4. As in Example 3.8 define in L?(R?) the selfad-
joint operator

Au:=(—A+1)u,  domA=H*R?).
For h € L*(X) define hdy via
(h3) () = (2 @)y, @ € HARY).
According to Lemma (with € = 1) the distribution /8y belongs to H~3(R¢) and
G:I[*Z) = H3(RY), he héy,
is a bounded, injective operator which satisfies ran G N H~2(R?) = {0}. In particular G satisfies
all conditions required in (B:I)) on page 9| for k = 3. Hence the index j from is given by
j=1and
Go:=A"1G=(-A+1)"'G

is a continuous operator from L(X) to H~!(R¢). Note that the operator G, : H'(R?) — L?(X)
is given by Gju = tr3.(—A+1)u because

(h, Gou) 123y = (Goh ) -1 (ay g1 (ray = ((=A+ 1) Ghu) o1 ay g1 (e
= (Gh, (=A+ 1)) g3 ay ey = (B3 (—=A+ 1) ) gy

holds for all u € H'(R?) and all & € L*>(X). Hence the operators S and 7 defined in Lemma
are given by

Su=(—A+1u, domS={uecH*(R?):t3(-A+1)"'u=0}
and

Tu=(—A+1Du—(=A+1)"hdy
domT = {u € L*(RY) : 3n € L*(Z) with (—A+ 1)u— (~A+1)"'hds € L2(R?)}
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The corresponding generalized boundary triple from Theorem [3.5is (L*(X),To,T'1) with
Iy :domT — L*(X), u—h, (3.18)
[} :dom7 — L*(Z), u—tp(—A+1)"lu '

The model space K is hence given by K := L2(R?) x L*(£) x L*(X) and equipped with the inner
product

u v
fl:18 = <”7V>L2(]Rd) + <fvgl>L2(z) + <f,7g>L2(z)~
1L

The linear relation 7T in K is given by
u Tu

= u€domT
T= Ciuf, | f H 2/
¢ | |Tou I8 e LX)
u (=A+Du— (=A+1)""hé
= try(—A+1)"tu|, )
g h

uc [*(RY) : 3h € L2(X) with
(=A+Du—(—A+1)"'hés € L2(RY),
¢,g€L*(X)

and the boundary maps I":= (E’) are given by

i u (—A+Du—(—A+1)"'héy
I {wd(—a+1)Tul, ) = m.
g h
According to Theorem [B.11] the linear relation
u (=A+Du—(—A+1)""héy
Ho =kerl) = tr%(fAJrl)*'u , [0}
0 h

uc [2(RY) : 3h € L2(X) with
(=A+1Du—(—A+1)"1hés € LA(RY),
¢ eL’(X)

is selfadjoint and its spectrum is given by o(Hy) = 6.(Hp) = [1,°o[. Moreover, with the y-field y
and the Weyl function M of the generalized boundary triple (L>(Z),To,T;) in (3_I8) the resolvent
of Hy can be written as

(A-2)"" 0 |74
(Ho-2)"'= | y) 0 [M@A) |, AcC\[l,=]
0 0 0
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The Weyl function M of (L?(X),T,T) satisfies M(1) = A2M(A) for all 1 € C\ [1,c0[ and the
v-field ¥ is given by

YA)g= | AM(A)g |, gel’(®), A€C\[le0[

Its adjoint is given by
JA) T (vihk) = Ay(A) v+ h+AM(A)*k
for (v;h;k) € K = L>(R?) x L>(Z) x L*(£) and A € C\ [1,].

Analogously as in Corollary .14 we can also obtain a Schatten-von Neumann estimate: Let ©
be a closed linear relation in L?(X) and A € C\ [1,o[ with 0 € p[® — M(1)]. With Lemma

we obtain y(A)* € L(L*(R?),L*(Z)) and
YA =T1(A-A) ' =t (—A+ 1) (-A+1-2)"L.

In particular rany(4)* C rantry = H'(X), cf. Lemma [2.20f As we have assumed that X is a
compact C**-manifold of codimension 4 it follows ¥(1)* € &,(L*(R%),L*(%)) for ¢ > d — 4, cf.
Lemma [Z.23] Hence it follows with Corollary 2.2 in Chapter II of [37] and with equation (3-14)
from Theorem 313

Pyo(Ho —A)"Ejo— (A=) " = A2y(A) [0 — A M(A)] ' y(R)* € &, (LA(RY))

for p:= % > %. Here the linear relation Hg is given by

u (—A+Du—(—A+1)""héy
Ho = 3 (—A+1)"tu |, o
g h

uc L2(RY) : 3h € L*(X) with
(—A+1Du—(—A+1)"'hés € L2(RY),
{g.0} €0

For the special case that ® is an operator also Hg is an operator and given by
domHe = {(u;tr3(—A+1)"u;g) : g € dom®,u € L*(RY) s.t.
3h € L2(Z) with (—A+ Du— (—A+1)"'hdy € L2(RY)},
Ho(u;try(—A+1)""u;g) = (A + Du— (—=A+1)"'hy; Og:h).






4 SCHRODINGER OPERATORS WITH §-INTERACTIONS ON
MANIFOLDS OF CODIMENSION 2

The aim of this chapter is to apply the approaches from Chapter [§] to describe and investigate
Schrodinger operators with §-interactions supported on compact C2-manifolds of codimension
2 without boundary. Therefore we construct in the first section a generalized boundary triple
which is a special case of the one from Theorem 3.5l Moreover we show some properties of
the corresponding y-field ¥ and Weyl function M. In Section .2 we investigate the operators
Ae which are parametrized with the generalized boundary triple from Section ff.1] by linear re-
lations in L?(X). Moreover we show that these operators can also be understood as Schrodinger
operators with §-interactions of singular strength on a manifold of codimension 1.

A natural question which appears here is how the parameter ® has to be chosen such that the
operator Ag coincides with a Schrédinger operator with §-interaction of a given strength. For
this we have to introduce the concept of the generalized trace which allows us to define try u also
for functions u € L*>(RY) which are not smooth enough to define their trace in the classical sense.
This is done in Section @ Moreover we define in this section the Schrodinger operator —Ay ¢
with 8-interaction of strength é supported on ¥ and provide a Schatten—von Neumann property
for the resolvent difference with the free Laplacian. In Section 4] we consider the special case
of a closed curve in R3. A deeper analysis of the objects from Section for this case allows us
to improve the Schatten—von Neumann property. Moreover we provide estimates on the number
of negative eigenvalues of —Ay , and an isoperimetric inequality for the principal eigenvalues.

Throughout the whole chapter £ is a compact C2-manifolds of codimension 2 without boundary
(in particular H*(X) is the dual space of H*(X)). If necessary, further restrictions on X are made
before the corresponding statements or sections. Recall that the trace operator trZ : H2(R?) —
H'(X) is continuous and bijective, cf. Lemma [2.20]

4.1 The generalized boundary triple

In this section we construct a generalized boundary triple which is a special case of the one in
Theorem For this we have to chose at first suitable candidates for the objects 7, A, G and
G appearing in Section As in Example 3.8 we set H° := L2(R?) and consider the selfadjoint
operator A in L?(R?) given by by

Au:=(—A+1)u,  domA:=H*(R?).

59
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Obviously A > 1 and the chain of Hilbert spaces induced by A coincides with the Sobolev spaces
H* (Rd), s € Z, cf. Example Moreover, if we interpret A as distributional derivatives, we
have

(=A+ D)u,v) gs-2ray gsr2(ray = (4, (=A+ 1)V) s gy s (re)
forall s € Z, u € H*(R?) and v € H**2(R?). Hence the operators A_ for s € N are given by
A HORY) S HP2HRY, uws (—A+Du.
Furthermore, we set G := L?(X) and define for 2 € H~(Z) the distribution 48y via
(h8s, @) 2wy g2 (may = (h, try @) 1-1(5).H (3) ¢ € H*(RY).
In particular for i € L*(X) we get
(h8s, @) p2(ra) 2 (ra) = (L UF Q)15 (z) = (B UF Q) p2s), @ € HARY),
Lemma 4.1. The operator
G:L*(Z) = H XRY), h hs,
is a bounded, injective operator and satisfies ranG N H~'(R?) = {0}. The adjoint operator
G*: HX(RY) — L*(X) is given by G*u = ttku and ranG* = H'(X). If we denote by G¥ the
operator
G*:H*RY) - H'(E), u— G
then the adjoint of G® is given by
(G*) :H ' (X) = H *(R), hw hSy,

and satisfies ran(G®)* NH~'(R?) = {0}. In particular Gh = (G®)*h for all h € L*(X).

Proof. The fact that G is a bounded, injective operator from L*(Z) to H~2(R?) with ranG N
H™(RY) = {0} follows from Lemma with € = 1. Furthermore, we get for arbitrary i €
L2(X) and u € H*(RY)

<haG*u>L2(Z) = <Ghvu>H*2(R1’)7H2(]Rd) = <h,tl")%u>L2():),

from which we conclude G*u = tr% u. Hence we observe for the space G defined in the proof of
Theorem

G* :=ran(G*] H*(RY)) =t H*(RY) = H' (%).
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Moreover we have for all h € H~!(Z) and all u € H?(RY)
<(G®)*h7u>H*2(Rd),H2(Rd) = <h7G®u>H*‘(Z),H‘(Z)
= (h,G'u)y1(z) 1 (x)

= <h>tr%u>H*1(Z).Hl(2) = (hdg,u) y2(ra) 2 (re)

and hence (G®)*h = h8y. To prove ran(G®)*NH 1 (RY) = {0} let h € H~!(Z) with (G®)*h €
n—oo

H(RY) and y € C3(RY). Let (¢,), C 7 (R?) be again a sequence with | Pnll gt (ay —— O
and @, = 1 on X, cf. the proof of Lemma 2.21| Hence ||y @, | ;1 (ra) 222 0 and

(G hy) 11 = ((G*)h, W) 20 = (h,G*W) 15y i z) = (1, G V) 15y i (v
= (b 0F W)y x) = (WO 1z () = ((GF) ' W) 11 == 0.
As y € C3(R?) was arbitrary we get (G®)*h = 0. Hence ran(G®)*NH ™! (R?) = 0. O

Due to Lemma 1] the operator G satisfies all conditions in (1)) on page 29 for k =2 and j = 0.
Analogously as in Lemma @ we define in L?(R?) the operator

Tu=(—A+1)u—héy,
domT = {u € L*(RY) : 3h € L*(T) with (~A+ 1)u—hdy € L*(RY)}.

According to Lemma [2.1| we have domT = domA-+kerT = H?(R?)+kerT. Hence every u €
domT can be written as u = u. + uy with u, € H*(R?) and u € kerT. Using this decomposition
we define the mappings

Iy :domT — L*(X), u—h,
[} :domT — L*(Z), u— téug,

cf. Theorem Note that the space G := ran(G* | H*(R?)) = H'(X) is dense in L*>(X) and

G~ :=(G*)* = H™!(X). Hence a direct consequence of Lemma Lemma Theorem

and Theorem [3.6]is the following corollary.

Corollary 4.2. The triple (L*(X),To,T'y) is a generalized boundary triple for T = S* with
Su=(—A+1)u, domS = {u € H*(R?) : tr2 u = 0} = kerI'yNker ;.

The operator S* is given by

S*'u=(—A+1)u—hés,
domS* = {u € L*(R?): 3n € H1(Z) with (~A+ 1)u—hdy € L*(RY)}.
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For A < 0 denote by G, the integral kernel of the resolvent of the free Laplacian, i.e. (—A —
A)~lu = Gy, xufor all u € L*(R?). According to [|64, Chapter 7.4] we have

dj2—1
Gk(x):# <M> K%,l(\/j‘xwv xeRd\{OL

@) \ I

where K, denotes the v-th modified Bessel function of the second kind. Using (7.44) in [[64,
Chapter 7.4] we get

d/2—1 —d/2+1
G)L(X) = # (M) m <m> +0((\/j|x|)—d/2+3>

(2m)d2 \ | 2 2

r¢— _
_ (-1 n 1 0 A
2md2x]d2 " (2m)df2 x[d—4

for x € R?\ {0}, d >3, and A — 0. Hence, for d > 3 the function Gy defined by

G(x)’*limG(x)*@ re RN\ {0}
O 50 MY T agd a2 ’

is the fundamental solution of the Laplace operator. Moreover we can define (by analytic contin-
uation, cf. (64, Chapter 7.4]) G, for all A € C\ [0, o[ such that (—A — A)~'u = G, * u remains
true for all u € L*(RY) and G, = G holds.

The next lemma gives an explicit representation of the y-field y and an estimate for its norms.

Lemma 4.3. Let A € C\ [1,00[ and h € L*(Z). Then

() ) = [ H3)Gy1(x =) do() @1
X

holds for almost all x € R?. Moreover we have for A < 1 and € € )0, 1] the estimate

in{(A 1,1} >
_ minf] 1)1}

[y(A)] < — ke .
[7(A)]] TR [ rs ™ |l

In particular }Llim [lY(A) || = 0. If we assume additionally that ¥ is a compact C*-manifold then
——oo

Y(A) € &,(L*(X),LAH(RY)) forall p>d —2 and A € C\ [1,0|.
Proof. Using ran(A —A) "' = H*(R?), A—2 = —A— (A —1) and y(A)* =T ((A — A1)}, cf.
Lemma@ we get for all 2 € L2(X) and u € L2(R¢)

(Y ) 2 gy = (B Y(A) ) () = (B T1HA = A) U)oy = (g (G %)) 2.
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With Fubini’s theorem it follows

VA ey = [ H65)(G_ 7)) do(y)

— [16)| [6r =) dx | doty)

x R4

- / / h(y)Gy— 1 (x—y) do(y) | u(x) dx.
X

R4

In particular

(YA 1) 20y = //|h )iGs1(x =) do(y // $)Gy 1 (x-3) do(y) dx
K

K

for every compact set K C RY. Hence x — [5h(y)G, _{(x—y) do(y) is a function in L}, .(R?)
which coincides with ¥(A)h in the distributional sense. Hence they coincide also in L?(R¢) and
equation (@) follows.

For A < 1 and € € ]0, 1] we have
Y 2wy 2wy = 1Y) 22wy 22)) < NV N 22wy e (x))-
Using again y(A)* = tr2(A—2)"! = tZ(A — 1)~! we get with Lemma
1Y)l 22y 2y < NEA = 2) 7 pz@a me )
< | £ gpre (ray e oy | (A= (A — ))71HL(L2(R“’),H€“(R”’))

_lie
min{|A —1|,1} 2

<[lugt! | £ (ae1 ey e (2)) - 1‘17;5

Choosing for example € = % we get

||tr§/2||B<H3/2<Rd)’].]1/2():)) oo
1Y)z )2 rey) < 1|1/ 0

According to Lemma [2.6] the operator y(1)* belongs to L£(L*>(R%),L*(X)) for all A € p(A) =
C\[1,e0[ and rany(A)* C H'(X). If we assume additionally that ¥ is a compact C**-manifold
then Lemma implies (A +1)* € &,(L*(R?),L2(X)) for all p > d —2. As the singular
values of y(A)* and y(A) coincide also the last statement is proven. O

The next lemma provides some properties of the Weyl function M.
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Lemma 4.4. Let A € p(A) = C\ [1,00[. Then the operator M(A) can be written as
M(2) = 2y(0) (%) = ug (v(4) - 7(0))

and satisfies

(M) ) = [ 1) (G21(1x=31) = G-l =3)) o) (42)
z
for all h € [*(X) and almost all x € ¥. In particular M(0) = 0. If A # 0 then M(A)~" is an

unbounded operator in L*(Z). Furthermore we have for all . < 1 and € €10, 1] the estimate

(min{]A —1],1}) %"
12"

IM(L)]| < [A]- g e 2 ey e )

If we assume additionally that ¥ is a compact C*-manifold then M(L) € &,(L*(X)) for all
p>%—l and A € p(A).

Proof. Let h € L*(Z) be arbitrary. As I'y is surjective there exists u € dom T such that i = Tou =
Touy, where we have used the decomposition # = u. + u; € domA +kerT and domA = ker[.
Hence we get with the definition of (1) in Lemma[2.6]

M(0)h =T19(0)Cous = Ty (To [ ker T) ™' Tous = Tyug = tra (ug), = trz 0 = 0.
As h € L2(X) was arbitrary it follows M(0) = 0. Using Lemma 2.7 we obtain now
M(A) =M(A) —M(0)" = (A —0)y(0)"¥(A) = A¥(0)"¥(A)
forall A € p(A) = C\ [1,c0[. Furthermore we get with Lemma 2.6 (by interchanging A and )
70) = ¥(A) = (0-A)(A-0)"'7(2) = —AA"'¥(2).
Using 7(0)* = trg (A —0)~' we get hence
M(2) = 27(0)"7(A) = uF AAY(2) = g (7(2) — 1(0)).

Together with equation @) from Lemma f3] we get now [#Z). Furthermore we get with
Lemma[d3|for A € p(A) NR an estimate for the norm of M(A):

[M )] = [[A70) ¥ (M)l < [A]- [ vO)* [ [¥(A) | = [A] - [[y(O)[| - | ¥(A)]
min{[0— 1,1} % min{[A— 1,1} &
0—1[=" A -1

_lte
,min{[A —1[,1} 2
-1

SR =l

<l try

= A [lug*e]|
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Next we show that M(A)~! is an unbounded operator if 2 € p(A)\ {0}. For this let f € L*(Z)\
{0}. At first we consider the case A € R. Using the continuity of the y-field on p(A), of.
Lemma[2.6, we get for g € p(A) NR =] —eo, —1[

M e — MW e (IMA) =MW e

A—u A—u
A=) Y P
= -
A

= (YL Y) Hrae) = YA I,
Hence ﬁ(M(l)f,f)Lz(Z) = H)/(l)f”%z():) > 0 because y(4) is injective, i.e. the function | —
0, 1[5 A = (M(A)f, [)2(x) is strictly increasing. As M(0) = 0 this means (M(A)f, f)>(x) # O
if A # 0. In particular M(A) f # 0 for all f 5 0 and therefore kerM (A1) = {0}. If L € C\R we
get with Lemma .7 for f # 0

m(MOA)F, Pz ) = 52 (MOF. iz — MO Prags))
21<< ~MAY)F.f) e
=3 <<x RO YAILT ) o) = IAFO) i) #0

Hence also in this case M(A)f # 0 and therefore kerM(1) = {0}. This means that M(A)~! is
an operator. Furthermore we have
(dornM(l)fl)l = (ranM(),))L =kerM(A)* =kerM(A) = {0},
i.e. domM (1)~ is dense in L?(X). On the other hand we have
domM(A)~! =ranM (L) CranT; C H'(Z) # L*(Z).

Hence domM (A)~" is not closed. As M(4)~! is closed (because M(A) = M(A)* is closed) it
follows that M(A)~! is not continuous.

It remains to show that M(1) belongs to &,(L*(X)) for all p > % — 1 if X is a compact C*-
manifold. For this recall that ¥(1) € &,(L*(Z),L*(R?)) and y(1)* € &,(L*(R?),L*(X)) for all
q>d -2, cf. Lemma[d.3] Hence we get with Corollary 2.2 in Chapter II of [37]

M(A) = Av(0)7(A)" € &¢(L*(Z)).

With p:= ¢ > 4 — 1 the desired result follows. O

The following Lemma shows again, that the codimension of X plays an important role. Whereas
in the case that I is a closed manifold of codimension 1 which separates R? into an interior
domain Q; and an exterior domain €, the Friedrichs extension of S is given by the orthogonal
sums of the Dirichlet operators on ; and on Q, the situation is different if the codimension is
2.
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Theorem 4.5. The operator A is the Friedrichs extension of S.

Proof. Define the form s by
s(u,v) := (Su,v), doms = domS§.

Then the domain of 5 is given by

doms = {u € LR : I(u)x C dom S with [[ueg — ul|;» “==> 0 and s[ug — 1] 2275 0}
— {we I2(RY) : I(u)e C domS with Jug — ully1 22 0} = doms’ &),

Let now u € H'(R?) be arbitrary. Hence there exists a sequence (¢,), C Ci(RY) with |ju —

@l HI(RY) < (2n)~!. Note that X has codimension 2. Therefore the H'-capacity of X is 0, cf.

Corollary 3.3.4 and Corollary 5.1.15 in [2]. This means in particular that we can find for every

n € N a function y, € .7 (R%) which is equal to 1 on an open neighborhood of X and satisfies

Wl ety < (20| @allcr (ey) ~" Defining uy := (1 - y,)@, € domS we get
et — wnl| g (mey < M1 — @l gt ey + W @l 1 ey

1
< 5 Wl e | 9allr (ga)
1 1

1
< — V2l
St HwanwR’)2nH<Pn||C‘<R"> "

1 (mpd
Hence H'(R?) C doms™ ™. As the converse inclusion is obvious we get doms = H!(R9).
Therefore we have

E(u,v) = I{li_r)zlos(uk,vk) = klgI«>I<:<Suk’Vk> = k]i_}n;E](()juk,ajvﬁ Z {8 u,0; V>

j=1

for all u,v € H'(RY). Hence we get for all u € H*(RY) = domA and all v € H'(R?) = dom5

(Au,v) = (—Au,v) = Y (dju,d;v) =5(u,v).

M=

J

According to Corollary 2.4 in [41, Ch.VI] this means that A is contained in the representing
operator of 5, i.e. A C Sr. As both operators are selfadjoint they coincide. O

4.2 The operators Ag

In this section we investigate the operators Ag generated by the generalized boundary triple
constructed in the previous section. We give criteria for selfadjointness of Ag and estimates for
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the spectrum 6 (Ag) in dependence on the parameter ® (note that the parameter ® might be an
operator or even a linear relation in 12 (X)). Moreover we show that (under certain conditions)
the operators Ag can also be parametrized within the setting of a §-interaction on a manifold of
codimension 1.

We start with a first criterion for selfadjointness.

Theorem 4.6. Let © be a closed symmetric linear relation in L*(X) with H'(X) C ran® and
0 ¢ 0,(®). Then the operator

Aeu=Tu, domAg={ucdomT :Tuc®}={ucdom?:0 'Tju=Tou}

is a selfadjoint operator in L*(R?). If we assume additionally that 0 ¢ c(®) and that ¥ is a
compact C*-manifold then

(Ao —2)"'—(A-2)"" € &,(L*(RY))

holds for all A € p(Ag) N p(A) and p > % -1

Proof. Keeping in mind rany(1)* C rantrz = H'(X) the selfadjointness of Ag follows directly
from Theorem [2.8|for A = 0. Moreover we get 0 € p(Ag) and

Ag' =A™ = y(0)@7'y(0)".

If 0 ¢ 6(®) then ® ' € L(L*(X)). Moreover, if X is a compact C*-manifold then y(0) €
S, (L*(2),LX(RY)) and ¥(0)* € &,(L*(RY),L2(T)) for all ¢ > d — 2, cf. Lemma Hence
we get with Corollary 2.2 in Chapter II of [37] and p := % > % -1

Ag' —A! = y(0)0 y(0)" € &3 (L2 (RY)) = &7 (L2(RY)).

For arbitrary A € p(Ag) N p(A) note that I +A(Ag —A)~! and I+ A(A — A)~! belong both to
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L(L?*(R4)) and hence

SP(L2(RY)) > <I+?L(A® - A)") (A" —A") (1+/1(A —x)*l)

(A‘ —A 4 (Ao — /1) fl(A@fl)’lA”)(I+A(Afl)’1)
:<A® )" “A(Ae—A)1A" )(H—A(A—?L)’l)

=<A@ A)” f)L(A@f)L)"A’])+/1(A@fl)"(A77L)"
+(1+;LA@ ;L) )( AAlAa—2)!

:(A@ )" “A(Ae—A)1A" )+A(A@—7L)’1(A—7L)’l
+<I+)LA@ 1) )( ' a-2))

<A® A)~toa! A(A@)—}L)_IA_1>+A(A®—7L)‘1(A—7L)‘l
Al—(A- /1) 'Yl Ae—2) 1A T —2(Ag—A)TA—2)!
=(Ae—A)"—(A-2)",

+

where we have used the well-known resolvent identity (A — pt)(Ae — 1) "' (Ao — ) ! = (Ap —
A)~!—(Ag — ut)~! and an analog identity for A. O

In the next theorem we show that Ag is semibounded from below if the parameter @ is uniformly
positive.
Theorem 4.7. Let © be a selfadjoint operator in L*(X) with ® > 6 for some 8 > 0. Then Ag is

selfadjoint and 6(Ae) C [efcz, [with ¢ := || try."¢ || for € €]0,1].

Proof. As seen in the proof of Lemmathe function] —o0, 1[5 A = (M(A)f, f)12(x) is strictly
increasing for all f # 0. With M(0) =0, cf. Lemma@, we have therefore (M (7L)f f)Lz(Z) <0
for all A < 0. Hence

([©—MM)S,F2s) = (OF f)raw) — (MQA)f frps) = 011

<0

Hence [® — M(1)] > 6 and [® — M(A)]~' € L(L*(Z)). Therefore Ag is selfadjoint and A €
p(Ag) for all A < 0, cf. Theorem

Letnow A € [0, 1[. If |[M(A)| < 8 we have

([©—=MA)If. fis) = (OF f)iz) — (M D)
> 0| £17 ~ IMA)||- I 117 = (8 1M (A)]) - IIF1*.
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Hence [® —M(L)]~! € L(L*(Z)) and A € p(Ag). It remains to verify that |[M(A)|| < 8 holds

for0 <A < ﬁ. For A = 0 this is obvious. Note that 0 < A < implies

0-+c2

M_ﬂ_l,1>e+cz,1_é
Al A A [ e

Hence we get with Lemma 4]

_lte
2

(min{|7L—l|,1})

Al 2 0 2
A -1 ?

gt P < et <

1)) <121 S TR

Consequently | — oo, ﬁ[ C p(Ag) and therefore 6(Ag) C [ﬁ,w[. O

Next we give an analog of the previous theorem for uniformly negative parameter.

Theorem 4.8. Let © be a selfadjoint operator in L*(X) with © < 0 for some 0 < 0. Then Ag is
selfadjoint and p (Ag) 2 ]C%, 1[ with ¢ := || try ¢ || for some € €]0,1]. IfO(H' (X)) C H'(Z) then
Ag is unbounded from below.

Proof. As in the proof of the previous theorem we observe for all A € ]0,1]
(O@=M))f, /12wy = (OF ra) — (M) f, Fraes) < 0|1/ +0.
————
>0

Hence [® — M(1)] < 6 and [® — M(A)]~' € L(L*(X)). Therefore Ag is selfadjoint and A €
p(Ae) forall A €10, 1], cf. Theorem 2.8

Let now C% < A <0. Then we get with Lemma@

(min{ja - 1],1}) "%
A—1z

M) < [A]- [ E 2 = (4| < 6.

Hence 8-+ [M(1)]] < 0. Using (M(A)f. f)2(z) = —[M(A) ] -] FI* we get

([®=MM)If, f)i2s) = (OF fhipw) — MR, ) < (0+ M) 111

Hence ® — M(A) < 8 +||M(A) < 0. Therefore [® — M(A)]~' € L(L*(X)) and A € p(Ap) for all
A E]C%,O}.

It remains to show that Ag is unbounded from below under the additional condition G)(H ! (Z)) -
H'(X). For this assume the converse, i.e. that Ag is bounded from below. As A is the Friedrichs
extension of S (see Theorem [.3)) we know A > Ag (cf. Problem 2.22 in [41], Ch.VI]). Hence

A-2)"'<(Ae—2)"
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forall A < min{1,inf6(Ag)}. Using Krein’s resolvent formula we get
_ — -1 *
0<(Ao—A)"' = (A=) =y(A)[©-MQ)] ¥(A)".
Hence we have for all u € L?(R?)

0< (7(A)[® = M(A)] ™ Y(A) ) 2oy = ([@ = M(A)]~ ¥(A) ", YA) W) s
Asrany(A)* = H'(X) the above estimate can be written as
0<{[@-MN)] g8, VecH'(X).
If f € H'(X) then we have g := [® — M(A)]f € H'(X), because ranM(A) C ranT'; = H'(X) and
©(H'(X)) C H'(X). Hence we get
0<(f,[®0-MA)|f)2x)y,  VSEH' (D),

and therefore

(MQf.Dipm) < OF fizg),  VfEH(). 4.3)

Choose a sequence (f,), C H'(X) with I fall 2wy = 1 and (| full 1) 2%, 0 (such a sequence
exists because otherwise the norms || - || ;2(z) and || - || -1 (x) would be equivalent). Note that M(A)
can be considered as an continuous operator from L(Z) to H'(X). Hence we get

n—soo

(M) s ) 12e)| = (M Q) s ) (), 1-15) | < IMQO- ol 22y Ll g1 2) = 0
Therefore @3) implies

n—seo

0>6= ern”iZ():) > <®fn7fn>L2(Z) > <M()L)fnafn>L2(Z) —0,

which is a contradiction. Hence Ag is unbounded from below. O

Finally we will discuss in this section how a d-interaction supported on X can be understood as
a S-interaction supported on a manifold of codimension 1 with singular strength. For this we
assume that ¥ is contained in a compact C>-manifold 7~ of codimension 1 without boundary.
By tryx we denote the trace from H32(T) to H'(X). For h € L*(Z) we define the distribution
hdy € H3/2(T) via

(hds, @) 3207 32 (1) = (B UTIZ Q)23 ¢ € H(T).
Analogously as for 28y one checks that hdy belongs in fact to H=3/2(T):

[Khds, @) 312y 32| = {712 @) 123
<l llers el
<l ez @llp s
<Nl ezl - 1ol gae -
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The calculation above shows in particular that the operator
G:IXZ) = H(T), hw hdy,
is continuous. Its adjoint is given by
G H(T) = 1AT), ¢~ 0|z
Recall the definitions of the operators S and T’

Su=(—A+1)u, domS = {u € H*(R?) : trd u = 0}
Tu=(—A+1)u—hds, domT = {u € L>(RY) : 3n e L(T)
with (—A+ 1)u— hds € L2(RY)}

and the definitions of the boundary maps I'g and I'

[p:domT — LX),  ur~sh,
[y :domT — L*(T), U U3 ue, u=uc+u; € H(R?) FkerT = domT.

The generalized boundary triple for §* used in this chapter is (L?(X), o, T'1), cf. Corollary @

As T is a manifold of codimension 1 we know by Example [3.8] that
Gr:LX(T)—=H'RY),  fefér
is a continuous operator and that the operator S7:=A [ ker(GT)* is given by
Stu=(—A+1)u, domS7 = {u € H*(RY) : tr}-u = 0}.
Its adjoint contains the operator 77 defined by

TT“ = (_A+ l)u_faﬂ
domTr = {u € L*(RY) : 3f € L*(Z) with (~A+ )u— 87 € L*(RY)},

and (L*(X),T],TT) with the boundary maps

IJ :domTr — L*(T), urs f,
r7 :domTr — L*(T), s tehu.

as in (B:6) is a generalized boundary triple for S5 Due to ran(G$)* N L*(R?) = 0 we can even
construct an ordinary boundary for S%- as in Theorem Let 1 : H3/2(T) — L*(T) and
1 : H3/2(T) — L*(T) be isomorphisms as in (3-4), i.e.

<u7v>H3/2(T)AH’3/2(7—) = <l+u7 l,V>L2(7'> Yue H3/2(T)7V S HﬁS/z(T).
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Then the triple (L2(7),I],IT) with

[ :domSs — LX(T), w1 f,

lA"T :dom S5 — LAT), urriy trzTuc7 u=uc+us € H*(RY) + ker S5 = dom S%-
is an ordinary boundary triple for the operator S7-, which is given by

Sru=(=A+1u— for,
domS% = {u € L*(RY) : 3f € H™*(T) with (~A+ 1)u— f8r € L*(R%)}.

Note that S+ C S and hence T C §* C §%-. Therefore kerT C kerS%-. This means in particular
that for u € domT the decomposition u = u. + us € H*(R?) -+ kerS%- is also a decomposition
with respect to H2(R?) +kerT.

As mentioned in Example B.§] the operators which are known in the literature as Schrodinger
operators with §-interactions supported on 7 are restrictions of 77 and can be parameterized
with the generalized boundary triple (LZ(Z)IK,FT). Note that the representation of S3- only
differs from the representation of 77 by the fact that the functions f can be in H -3/ 2(T) and not
only in L?>(T). Hence, it is reasonable in a certain way to call the operators parameterize by the
ordinary boundary triple (L(7),f],T7T) Schridinger operators with 8-interactions of singular
strengths. We will discuss in the next section how the parameter ¥ must be chosen such that Ay
becomes a Schrodinger operators with §-interactions supported on X. The next theorem shows
how both concepts are connected. Roughly speaking a Schrddinger operator with §-interaction
supported on the manifold X of codimension 2 is a Schrodinger operator with §-interaction with
singular strength supported on the manifold 7 of codimension 1. The singular strength is again
a d-interaction.

Theorem 4.9. Let © be a symmetric linear relation in L*(X) such that Ay C T with domAy =

{u €domT : B:Oﬂ € 19} is selfadjoint. Define the symmetric linear relation
1

-1

0:=1. (GO 'G") I CLA(T) x LA(T).

. 7 .
Then the operators Ay and Ag C ST with domAg = {u € domS7-: [f()TZ] € G)} coincide.
1
Proof. Due to 1, = (1:1 )* the linear relation ® is symmetric. Hence Ag is symmetric too. Let

now u € domAy with u = uc +us € H*(R?) +kerT C H*(R) 4 ker S%-. Hence

2 2
2h — | Fou ev — |UEh| eyl —  |UTH| 9l
trs ue Tu h

tr-ue Aoq—1 A Gh 5 q—1 Fsx) —1
= {Gh}eGﬂ G erTuJe(Gﬁ G)
— { l*?h ez+((;‘z9*‘c*)‘1z:1

l+tr7—uc
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Note that
(GhST, @) -2 (ra) g2 (rety = (G, 0T @)y s w32 = (hds, tr%'q)>H*3/2(T) H32(T)
= (h, o712 (0F-9)) 12(5) = (h 3 @) 12(x) = (185, @) pr-2(Ra) 2 (e
holds for all ¢ € H*(R?). This implies
(—A+1)u—Ghér = (—A+ Du—hdy € L*(R?) 4.4

and therefore fgu =1_Gh. Hence we get

e » o ol
Toul e — ‘*fh e (Go'6n) ! = I:OT" €0,
u Ly tr-ue I'fu
i.e. u € domAg. Moreover @.4) implies Ayu = Apu. Consequently Ay C Ag. As Ay is selfad-
joint and Ag is symmetric both operators coincide. O

A natural question appearing now is the following: Which parameters ® lead to Schrodinger
operators with 8-interaction? To answer this question we have to introduce the concept of the
generalized trace, which is done in the following section.

4.3 The generalized trace and J-interactions on X

According to Lemma .| every element u € dom 7 can be written uniquely as u = u. + u; with
U, € domA = H*(R?) and u; € kerT. Setting h := [yu we have u; = y(0)h. Consequently,
the trace of u to X should be “uls = uc|x + (y(0)h)|z”, but a look at (@.I)) shows that there is a
problem: Due to the singularity of G_ it is in general not possible to evaluate

(Y(Oh) (x) = /h =) do(y)

atx € L. A possible solution is to “cut out” the singularity, see Definition f.12] below.

For this we require that ¥ is a compact, regular C>-manifold without selfintersections and without
boundary. Furthermore the corresponding parametrizations should satisfy the following condi-
tions.

(C1) There exist bounded open sets Q; C R?~2 relatively open 1sets X; C ¥ and homeomorphism
0;:Q; — X foric {l,...,m}, such that each o; is C?(Q;), Gl-_l is Lipschitz continuous
and UL, X =ZX.

(C2) For each i € {1,...,m} and each & € Q; the Jacobian matrix Dc;(&) € R%4=2 has full
rank.
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(C3) Foreachie {1,...,m} exists a continuous function F; : Q; x Q; — R4 and a constant C; > 0
such that we have for all 5,1 € Q;

Gi(s) = 0i(t) + [Doi(t)](s — 1) + Fi(s,t) and |Fi(s,1)| < Cils —1|*.

As Do;(€) € R4=2 has full rank there exists P;(£) € R?~2472 with full rank such that Do;(&) -
P;(&) is an isometric matrix, e.g.

1
Doi(8) - Ri(§) = 1
0 -0
0 - 0

The construction of the matrix P;(&) can be done with the help of the singular value decomposi-
tion. We require from the matrices P;(&) the following additional condition.

(C4) For each i € {1,...,m} the matrix valued function P; : Q; — RI724-2 &y B(E), is in
CY(©;), i.e. each component is in C!(Q;).

Remark 4.10. We make same definitions and remarks concerning the conditions above.

(i) Condition (C1) implies in particular that also all o; are Lipschitz continuous. We will
denote by L > 1 a common Lipschitz constant of all o; and all Gl-’l.

(ii) There exists M > 1 such that foralli € {1,...,m} and all 5,7 € Q; the estimates
1
27l sl < [Dei()](s—1)| < Mt —s|

hold.

(iii) Foreachi e {1,...,m} the function s — \/det ([Doi(s)] T [Doi(s)]) belongs to C'(Q;) and
is hence Lipschitz continuous. Denote by K > 0 a common Lipschitz constant.

(iv) Let Q > 1 be such that ||P;(£)|| < Q and ||P,(§)!|| < Q hold for all i € {1,...,m} and
& € Q. Furthermore set C := max{1,Cy,...,Cp}.

(v) There exists € > 0 such that for each x € X exists i € {1,...,m} with B¢(x) "X C %;.
For 6 < € and x € X we define
Es(x) :=E\Bs(x) =Z\ {0i(s) : s € Q; A |0i(s) —x| < 8},

where i € {1,...,m} was chosen as in item (v) of Remark .10}
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Lemma 4.11. Ler A < 1. The function kj,_ defined by

. Ind

)i =lim | [ G i(x—y)do)+ 5
T (x)
A——oo0

is bounded and satisfies sup,cy ky (x) ——— —oo.

Proof. Let i be as in item (v) of Remark and & := O'ifl(x) € Q;. Define 6;: Q; — X; by
Gi:= 0;0 P(E), where Q; 1= [P(E)]7'Q;, and set 7 := &; ' (x) € ;. Hence & = P,(&)t because
0i(&) = x = 6i(t) = 0;(P,(€)t). The parametrization 6; has the important property that for all
s € R4=2 the identity

DGi(1)s| = |Doi(&) - Pi(&) - 5| = s].
holds. Moreover we have with L and Q from Remarkfor all s € §; the estimate

1Gi(t) = 6i(s)| = [oi(P(§)1) — oi( 1(5)5)\<L|P(§) —P(&)s| <LQlt —sl,

610~ 6(5) = [ (A(E)) ~ (B(EW)| TR —RENI > gl sl
Note that (C3) implies for all s € &;
Gi(s) = 6i(P(&)s) = 0i(P(E)) + [Doi(1)] (Pi(E)s — Ai(&)r) + Fi(P(&)s. P(E)r)
= 6i(1) +[D&;(1)](s —1) + Fi(s.1) (4.6)

with Fi(s,t) := F;(Pi(§)s, P(&)t). Moreover we get with C := CQ* > 1

|Fi(s.0)| = [F(Pi(&)s, P(E)r)| < CIR(&)s — P(&)t | < CQ%s—1f* = Cls —1]2.

As €; is open we can assume without loss of generality that £ from item (v) of Remark is
so small such that

1 3
€< -———  and sERIZ: s—t|<ey C &y 47
2C0L {s |s—t]<e} S 4.7

hold.
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We split the integral in the definition of kj_into several parts:

Iné
[ Giste-y) o+ 32
Zs(x)
= [ Gialr=3) = Golx—y) do() + [ G-y doy
Z5(x) Z5(x)\Be (x)
r¢-1 1
472 |t —s .
{s€0y:>8:(t)—8i(s)| >} 25(0)NBe (x)
)] oy,
4t : |t —s]d2
{s€ERI=2:1>[s—1| A (s€QS V |6;(1)—Gi(s)|>€)}
r¢-1 1 Ind
+ 44 / |t —s]4-2 ds +E'

{SERI-2:1>|s—1| A (s€Q5 V |6;(t)—8:(s5)|>8)}

4.8)

(4.9)

(4.10)

4.11)

We show that the limits of @.8)), @3), @I0), and @II) for § — 0 exist, are finite and can be
estimated by constants independent of x. We start with the first integral in @8). Its integrand

can be written as

Gy_1(x) = Go(x) = RS

where we have used

Go(x) =

rEg-1n _ T varg-n T /°° 1
0

amilf=2 2n'F 2 20 2E e

and

( 1‘1) Ky (V=)
- ( 11)311 L2t Feo s(VI-7 |x\r>
WVI=ARDIITE) @+

r(&t) /cos(w xlr)
B (P+1)%
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cf. the integral representation given in [38] 8.432 5.]. Hence

0> /G,l,lx—y)—Go(X—y)dG(Y)

Zs(x
F(d 1 oocos VI—Alx— yq
= / | | )~ dqu(y) 4.12)
21 |x — yld—2 5 (P+1)7 :
— F(dT 7 sin ( ‘x y‘q)
T d—2 dqdo(y),
T2 \x Y| (% + 1)
Is(x
where we have used 1 —cosa = cos0 —cosa = 2sin “ero sin % = 2sin’ g. At first we consider
the case d = 3. For this consider the function f :]0,co[ — R defined by f(s) := M > 0.
This function satisfies
) [— e *sinh(s) + e~ cosh(s)]s — e *sinh(s)
f(s)= 2
e[, sinh(s) et [ef—e™ _
=% |sinh(s) — cosh =< —e% <0
- [sin (s) —cosh(s) + g } . { P e }_
and
lim £(s) = lim e *sinh(s) — lim —e *sinh(s) + e cosh(s) _1
SN0 SN0 s SN\O 1
Hence f(s) <1 for all s > 0. Using this and ;" Szm )1 dq = Ze“sinh(a) we observe from
(@+1)° 7
@.12) !
0> [ Giyx=3)~Golx—y) do(y)
Zs(x)
VI=Alx—y
/= S ()
E— oy
2 be—yl
Zs(x)
1 Vi—A VIi-24
> / do(y) > — 5.
2 . 4
Z5(x)

As the integrand is nonpositive the above estimates shows that the first integral in @.8)) converges
for & — 0. Note that the bounds given above are independent of x.
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For the case d > 3 we make use of 25in2% < a for a > 0. Hence {.12) implies

0> /fo.ufy)fco(x—y)do(y)

Is(x)
>F(%l)/ 1 —vl—l\x—qudo(y)dq
S @D
reEh (7 4 I
S 1_,14 3%, / T dq / Wdc(y) ) (4.13)
T o (@+1) 2500

The first integral in @.I3) converges for d > 3 and equals ﬁ. We split the remaining integral
again into two parts and use Xg(x) \ Be(x) = X\ Be(x):

Z5(x) I\Be (¥) s (x)NBe (x)
< EH s 4.14)
S 23 e—yjd—3 OV :

{ye):,':szlpc—y\ZS}

Fors:=0"'(y) we get |s—t| = |0, ' (x) — 6 ' (y)| < L|x —y| = L|oi(s) — 0;(t)| with the Lips-

. . . d—3
chitz constant L from item (i) of Remark Hence 5 < bEtT and

S
Fe—yl4=
{seQi:e>|0i(t)—0i(s)| > 8} C{scRI2:Le > |t —s]}.

With det ([Doi(s)] T [Doi(s)]) < ||Doi(s)]|*@~2) < M?(@=2) and polar coordinates we get

Lo \/det (IDGi(5)] " [Doi(s))
—F—= dO = S
pe—ya3 SOV [6:(1) — i (s) 3
{yexLye>|x—y|>8} {s€Q;:e>|0;(t)—0i(s)|>8}
Ld73Md72
< - -
= =3
{seR4-2:Le>|r—s|}
d—2 Le d—2
2T Ld73Md72 2T
= [T dr = My e (.15)
rg-1n) r r¢-1)
Hence we observe from @14), @I3) and @.I3)
VIZATEY [ g 22
0> |G —y)=Gox—y)do(y) > —————~2 2 | 2L LM)* 2| .
> [ Gialamy)=Gole—) dot) 2 5 o+ p g ()

Zs(x)



4.3 The generalized trace and §-interactions on X 79

As the integrand is nonpositive the above estimates shows that the first integral in @-8)) converges
for 6 — 0. Note that the bounds given above are independent of x.

The estimate for the second integral in [@.8)) is easier. As § < ¢ this integral is in fact independent
of 8. Moreover we get the (x-independent) estimates

0c [ Ge-ndo)= [ —CD o< ey

Sl — yld—2 4 4
£5()\Be (+) e 42— dmte

Next we consider @J). As {s € Q;: € = |6i(t) — 6;(s)|} is a set of measure zero we get

r¢-1 - 1 -
@.9) = —7(: 7 ) / m ds+ / Go(x—y)do(y)
T {s€:6>|6;(t)—6i(s)|>8} L5NBe(x)
r‘(% —1) \/det ([D6;(s)] T [Di(s)]) 1 ., 6
Tl / 5 q( e @9
{s€Q:6>|6;(t)—6:(s)|>8}

Note that @3)) and @7)) imply for all s € &; with & > |6;(¢) — 6;(s)]
11

t—s| <LQIGi(t) — 6i(s)| < L — <= 4.17

It =] < LOIGi(r) — 6i(s)| < LQE < S5 < 5 (4.17)

It follows from (@) that |z — s| — C|t — s|> < |6:(¢) — 6;(s)|. Hence we get for the integrand of

(ET6) the estimate
Jepso) pa) 1 Jae(bal) pak)

|6i(t) — 6i(s)|* 2 t=sl2 7 (f—s| = Clr—s2)" t—sld=2
_[Veepsorpaw) ] wis)
- (1—Clt—s))* I —sld=2 '
[ aer(ipa) D) ~ 1 Jim=c=?]
- (1—Cle—s))* (1=Cle—s)** | lr=sl">

Note that 1 — C|t —s| > 1, cf. @I7). Therefore all denominators above are positive. Moreover
we have

\/det (IDGi(s)]T[DGi(s)]) = \/det (DOH(B(E)s) - PAE)] TG B(E)s)E(E))
= \JdetP(&) T\ Jdet (IDGi(Bi(&)s)] TIDGH(Bi(E)s)]) v/det PE)
= |det P(£) | /det (IDoi(P(£)s)] T [Dai(P(&)s)]) 4.19)
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and

1= \/det (IDoi(8) - R(&)]T Do )IA(E))
= \JdetR(&)T \Jdet (IDi(£)]TIDG(€)]) /et P(E)
= |det P(8) | /det ([Doi(£)] T [Doi(£)]).

Hence we get with 0;(§) =x = 6;(t) = 0;(P(&)t), the constants K and Q from item (iii) and (iv)
of Remarkand with |det B(E)| < ||P(E)]|47* < Q972 the estimate

\/det (1D6(5)] T [DGi(s)]) — 1
— |det P& Wdet (IDai(P(£)9)] T[DG (A& )s)]) — et ((Di(£)] T [D(&)])

< QP KIP(E)s—&| =0 2-K|ﬂ(é) - ,-(é)r\SKQ" 1~|H|. (4.20)

Moreover we have for |r —s| < 1

—(1=Cl—s)) 2 = l—di (d;Z) 192K (¢l — o))t

k=0
2 i
=—Z( ) 1R — s = |f — S\Z(d )( 1)1k — gt

<lt—s Ck:zfs(ué“fl). 421

<i T (17)e sl (040 @2
Moreover we have due to C|t — s <%

~ _ 14—
(1=Clr=s)* 7> (1) P =217 (4.22)

Hence we get with (T8), (E20), @21), and R := K101
\/det (ID6:()] T [Déi(s))) |

6i() = Gi(9)| T2 i —s]92
_ [Veer(ais) T pai(s )]) - g=ce-s) ]
(1-Clr—s)"? (1=Cle—s|)> | lr—=s"7?
_ KO s 1| s (A+ O 1) | 1
= 2d-2 2d—2 |t — s[42
KO 4 (1+C) 21 1 R

2d—2 J—sd3 T =g
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Analogously we get

\/det (IDGi(s)] T [D&i(s)]) 1 R

p p - > - .
|Gi(t) — Gi(s)] 4 lt—s|"2 7 e =gl

Note that the constant is independent of x Hence the absolute value of the integrand in @-16)
can be estimated by the function s — = ‘ —R . This function is integrable because @I7) implies

{s€Qi:e>6i(t) — 6i(s)|} C {s€ R 2: 1 > |t —s|} and hence

/ R < / R

|t —s]4=3 |t — 543
{s€Q;:6>|6;(1)—6i(s)|} {seRI-2:1>|r—s]}
1
2T /2 R a5, TR
T Td_ 1) 3T S=Rd )
r(g-1)y r(s-1)

By Lebesgue’s domlnated convergence theorem the limit of @9) for 6 — 0 exists and can be
nTR

estimated byi r-1)

Also these bounds are independent of x.

The term in @I0) is independent of §. Hence it suffices to show that the integral in @I0)
converges and can be bounded by a constant independent of . Note that

~ ~ €
o]l > e — O; — 0 el > e — N
{s€Qi:1>|s—1| A |6(t) o,(s)|>£}C{seQ,.1 |s—1] > }7

cf. @3). Hence we get with @.7)
{seERIZ: 1> |s—1| A (s€ QS V |6i(r) — Gi(s)| > &)}
={se Q1> s—t|Ju{sc Q1> |s—t| A|6i(t) — 6i(s)| > €}

~ € ~ &
Q{sle:l2\s—t\>@}u{s€§2i:l2|s—t|>E}

€
={seR¥%:1> —z>—}
{s zls=1>75
and therefore

1
0< ——d
= / 2%
{SERI-2:1>[s—1| A (s€Q V |6;(t)—8i(s)|>€)}

1
l T 277,'T L
< / / = diln—Q.
)4 2 €
Lo

t—sld— 2 d
d=2.1>[5—f|> £ | |
{seRI=2:12[s—t]> 75}
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Note that this estimate is independent of x. Next we consider [@IT)). Note at first that

1
ré¢-1 1 1 3
(27(,;2) / ﬁdsz/ — "3 ds=—1ns. (4.23)
27 2 . [t — s J T

{s€RI-2:1>|t—s|>8} S

Recall that |6;(t) — &;(s)| < |t —s|(1+C|t — s|) holds for all s € &, cf. @6). Moreover we can
assume that § is so small that {s € R¥2: |s —t| < 8§} C Q;. Hence

{seRI2: 1> [s—1| A (s€ QS V [6i(1) — Bi(s)]| > 8)}
={s€Qf:1>|s—t|>8 U{seQ:1>|s—t| A |6i(t) — 8is)| > &}

< 1) ~ 1)
ClseQf:1>|s—t|>—=——rUdseQ: 1> |s—t|> —5——
14+Clt—s] 14+Clt—s]

o
={seR"2: 1> |s—1]> ———— . (4.24)
1+Clt —s]
With @23) and @24) we get now
r4-1 L +ln6
4rs |t — 5|42 T o
{SERI-2:1>[s—1| A (€6 V |6:(1)—Gi(s)|>8)}
rg-1 1 1
< (274) / T ds— / ————ds
4wz |t —s]d=2 . |t —s]d—2
{sE]Rd*Z:lzbft\zH%H} {seRI-2:1>|r—s|>6}
d d
_TG-1 / R A 1) / L
! s S =
{56R47235>\5*1\2H5¢H} {sERd*2:5>\s—t\zl+%}
2 O ~
_TE-n) e / Lir— L (ns—m—20_) - 0+Cd) (4.25)
ani T(42) ) or 2 1+C8 2 '
1+Cs

We have |s —t| < LQ|6;(t) — 6i(s)| for all s € &, cf. equation @3). Hence |s —¢| > SLQ implies
|G;(t) — 6;(s)| > & for all s € Q;. Hence

{sERTZ 1> |s—1] > 8LO A (s€ Qf V |6:(t) — Gis)| > 8)}

- 4.26
D{seR¥2:1>|s—1| > SLQO}. (420

As we are just interested in the limit § — 0 we can assume in the following that & is so small that
{s e R4 2 |s—1t| < SLM} C &; holds, which is possible because €; is open. Moreover recall
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that |6;(t) — &i(s)| > |t — s| — C|t — s|? holds for all s € ;. Hence

{seRIZ:8LO > |s—1t| A (s€ QS V |6i(t) — Gi(s)] > )}
= {s€eRIZ:8LO > [s—1| A |6i(t) — Gils)| > 8}
D{seR"2:8LQ>|s—1| At —s|—Clt—s|> > 8} 4.27)
={seR"2:8LQ > |s—1| > 6 +C|r —s[*}
D{seR¥2:5LO > |s—1| > 5 +C(SLO)*}.

Combining @-26) and @27) we get for LQ < 1

(sERT2: 1> [s—1] A (s€ OF V [8i() — Gils)| = 8)}
={seR"Z:1>[s—1] > 8LQ A (s €Qf V |6;(t) — i(s)| > )}

U{s €R2:SLO > |s—1| A (s €6 V |6:(t) — Gils)| > 8)}

D{seR¥2:1>|s—1|>5+C(5LO)*}. (4.28)
With @23) and @28) we get now
r¢-1 1 1
(270]) I—— ds + ﬁ
4mz A |t —s*= 2n
{s€RI-2:1>[s—1| A (€06 V |Gi(1)—Gi(s)|>6)}
r¢-1 1 1
4ms ] t—s| It — s>
{s€RI=2:1>|s—t|>8+C(SLQ)?} {s€RI-2:1>|t—s|>8}
r¢—1 1
= (271) / gz ds
4n? |t — s[>
{s€RI-2:54+-C(SLQ)?>|s—1|>8}
5+C(8LQ)? ~ -
(8LQ) _ —(ln(5+C(5LQ)2) —ln6) 1n(l+C6(LQ)2)
_ / L= - . (429)
2r r 2r 2

From @23)) and @29) we conclude that @.TT) tends to 0 if & — 0. Note that also this conver-
gence is independent of x.

. A—r—oo . . .
It remains to show sup, .y ky (X) “—— —oco. As the first integral in [@38) is the only term de-
pending on A it suffices to consider just this term. For this we use the following representation
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resulting from @12):

[ Ga1x=3) = Golx—y) o)
X

I( 2' 7 sin? (72“”5])
= ) /\x Y- 2/ NG dgdo(y)
T (@+1)T
rsh 7 ol ()
- M/ 1“’*/ eyl o) da
T g (@D Ty
r(4t) < 1 sin \/f\xf,VIq
< - ,,TEI / oG / Igcfylé‘z )do(y)dq. (4.30)
Ty @D T

Due to (7)) and @.3)) we have

{seRd_2:|s—t| <é} = {sEQ s —1] <E} C{se:|6i(t) = 6,(s)| < €}

and therefore
TNBe(x) = &i({s € & : |6:(t) — Gi(s)| < €}) D 6i({s R |s—1] < LQ})

Hence we get for the inner integral in (4.30) the estimate

sin? (@q)
/ oy 490)
ENBe (x)
sin2 YI=A16i(1)~6i(s)lg
2 .
§ / |6(t) — 6i(s) |42 \/det [DG;(s)] " [DGi(s)]) ds. (4.31)

{seRI2ifs—t|<75}

According to item (iii) in Remark -T0] there exists a constant m; € R with

Vet (Doi(P(&)9)] T IDo(P(E)9)]) = m

for all s € Q;. From condition (C2) it follows m; > 0. Set mg := min{my,...,my}. Due to
|detP,(E)| = |det[P(E)] 71" and |det[P;(€)]~"| < Q92 with the constant Q from item (iv) in
Remark T we observe hence from equation @:19)

mo

et (ID6,(5)] D1 (5)) = |det (&) det (IDo(BE)9)] T IDai(A(E)s)) 2 i
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Therefore we can conclude from @.31])

2 (VI=Ajx—y| in2 V1=A16i(1)~Gi(s)lg
sin (72 q) my / 5
Yy > ds. 4.32
| e aet) 2 5 Tam-seET 4
XNBe(x) {SER’I’Z:\sftKﬁ}

Next we define the function ®; : RY~2 — R4~2 via

s—t
D, (s) =1+ .
2 (5) —
Note that [D®; ](s) = ﬁld—Z and det[D®, | = # Moreover

D, ({seRd Zis—t] < LIQ_A}) {YERd 2. |s—t|<E}

Hence we get for every R > 1 and every sufficiently large A the estimate

n2 \/7\0, (1)=8i(s)lq 02 \/7\0,2; —6i(s)lg
AR o=t / T s~
oot )
) / n2 HS ool
: |6i(1) = Gio @y ()[4 /7792

{SER"’ZZ\SftKLLIQ*A}

: in? VIAloe) 0o, (s)g
> 5 ds. (4.33)
(\/ - |o-i(l)_6ioq)7t(s)|)

{SER"’Z:%S\sfﬂgR}

According to [@.8) we get

VI=A161(0) ~ 6103 (5)] = V/1 = 2| [D6:(1)) (@1 (5) 1) + Fi (@ (5).1)|

B s—t ~| s—t |2

< VI=A[Da0) 7=+ VI=2¢| =
Cls—1]?
BV,

and analogously

Al L2
VIZA16:(1) — G108 ()] > Js— 1] - 1

1-2
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Hence we get for 7 € {s € R4"2: L < |s—| < R} the estimate

C\s z\z CR?
1—A16i(t) — Gio® —|s—1 .
VI 2l60) G0 ()] — s —1l| <" <

Note that this estimate is independent of x. Hence the integrand in (#33)) converges for A — —oo
uniformly against

2 [s—tlq th
|s— t|d 2
Note that also this convergence can be estimated independently of x.

As the set {s ¢ R?72: 1% <|s—1| <R} is compact also the integral converges against

5 R
sin2 I~ t‘q 2T sinz% 43
|s7t|dzdv F(%fl)/ pr -r7 dr
{seRd-2: <|s—1|<R} 5
d— g d-2 &
2T /sm D 2d 2T /sinzpd
TTrd_1 ) 2, P=—ri 1y P
r(rl)i cro 4 1"(571)i P
2R 2R

where we have used the substitution p := % Again this convergence can be estimated indepen-

dently of x. Together with @30), @32) and @33) we get
/ Gy 1(x=3) = Golx—y) do(y) <

sin? vl*l\éi(f);@()q’x ($)lg

RGNS
d;)/( 2+1)‘12;1 QIZSZ ST o - dsdq
T frero-2felsery (VI AGi(0) = Gio@a(5)])
Rq
. (&L 2% f 1
L - IZEZ zlerl) d / sin” P dpdq.
Q7 2% T(3-1)) (@+1) P

Also this convergence can be estimated independently of x. Hence

Rq

. sin® p
im_sp [ G3-1(v—) = Gula—y) do) < =€ [ = / p dg
4 +1)

A== xe¥ 5 p
b

A . oo sin?
with the corresponding constant C > 0. As the integral [; % dp does not converge and R > 1
was chosen arbitrary we conclude

lim sup [ Gy_1(x—y) — Go(x—y) do(y) = —eco.

A—r—o00 ey
xely
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Definition 4.12. For x = 6(so) € £ let B5(x) := {0(s) : |s— 50| < 8} be the open ball in £ with
center x and radius 8. For A < 1, x € £ and h € C!(X) define

Iné

Bn=lim | [ )G i(x-3) dol) 0 5

Z\B5(v)
Lemma 4.13. The definition above gives rise to a well defined operator By, in L*(Z) with domain

domB; = C%!(X) C L2(X). The operator B, is symmetric and bounded from above by the finite
number sup,cy kj (x).

Proof. Leth € C%!(Z). Note that we can write (Bj /) (x) as

B =lim | [ 10~ h])Gai(x-y) dol)

T\B5(x)
b [ MGG do ) ) e
T\B5(x)
~im | \/( | (h0) =G5 ) d00) |+l () 439
T\B5(x

with &, (x) defined as in Lemma Denoting by L a Lipschitz constant of 7 we get for the
integral in #34) the estimate

[ ) ~hw] G =) doly)

\Bj (x)
s'/|h<y)—h<x>~(2jt)g< ;ff;”) Ky (V=E=Dlx—y]) do()
S el B VA e Y
emf ki

The singularity of the integrand at x is in O(|x — y|~#+3), cf. (7.44) in [64, Chapter 7.4]. As X is
a compact (d — 2)-dimensional manifold the integral converges. Hence the limit in #34) exists
and we get

(Bah)(X):/[h(y)—h(X)]szl(x—y) do(y) +h(x)ky (x) (4.35)
z
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and the estimate

A)%/Kd (VI =)= yl)

(B ) < L1

do(y) + ()] - [[kz|ee-

(em? = y|$2
Hence we get the estimate
d-2
) Ky (V1 =2~ yl)
Bkl 12(x) < % VIE / T do(y) +[lhllz2(s) - 1K -
xX—=y

Thus By, is a well defined operator in L?(X).
Let now /,g € C%!(X). Then

(Bah,g)12(s) — (h,Bag) 12(x) = ([Ba — kalh,8) 2 (x) — (b, [Br —kalg) 12(x)

- / (/ )] Ga1(x—y) doly ))g(x)do(x)
/h (/ W] Ga_1(x—y) do(x )) do(y)
p

- / / Y)80) ~h(g()]Gr1(x—y) do(y) do(x) = 0,

where we have used for the last equality that the integrand is skew-symmetric with respect to s
and x. Hence B) is symmetric.
Due to the symmetry we observe now

2([By —kalhh) p2z) = ([Ba — kalhu ) 2z + (B, [By — k) 12(x)

= / (/ h(y) = )]Gy (x—3) doy ))h(x)do(x)
+/h (/ W] Gy1(x—y) dox )) do(y)

- / [ G 1x=3) (2HOIAE) - ) P~ 1)) do () do().
XX

Setting u := Re(h) and v := Im(h) we observe
2h(y)h(x) = [h(x)]* = [h(y)[*
= 2[u(y)u(x) + iv(y)u(x) — iu(y)v(x) + v(p)v(x)] = u(x)* = v(x)* = u(y)* = v(y)*
—[u(y) — u(x)]* = [p(5) —v(®)]* + 20 [ () — u()v(x)].
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Hence we get
2Bz~ kalhuh)zs) = / /Gx 1x=9) ([u0) = u)]* + [v0) =v(9)]*) do(») do ()

+f / 216G, 1(x=) () ~u()(x)) do(y) do(x).
X

Note that 2([B; —k;|h,/);>(x) is real whereas the second integral above is purely imaginary
and thus zero. The integrand of the first integral above is nonnegative which implies 2([B; —
kplh,h)2(s) < O or, equivalently, (Byh,h) 25y < (kah,h)p2(5). From this we observe B; <

sup,cy ky (x). Recall that sup, 5 k; (x) is finite as k, is bounded, cf. Lemma O
Define now the operator B;, := —F(—B,,), where F(—B,,) is the Friedrichs extension of —B;.

Note that also B, is bounded from above by Sup ey ky (x).

Lemma 4.14. Let A < 1. Then By = By+M(A). In particular domB), is A-independent.

Proof. Forall h € C%!(2) C L*(X) = domM(A) we have

(B:21) )~ (1) W) = lim | [ hO)G-i(x-3) day) 1) . |
T\BE(x)
“tm o [ OG-y - G (-] do)
Z\BE(x)
. Iné
i L\B[()ma (6=) do) +h(o) 2 |
= (Boh) (x).

Hence B), = By +M(A). Recall that M(A) is bounded and selfadjoint. Hence we can apply
Lemma 2.6 and get

B), = —F(~B;) = —F(—Bo—M(A)) = —F(~Bo) + M(1) = By + M(2.).

In particular dom B, = dom By NdomM () = dom By N L2(E) = dom By. O

Now we are ready to define the generalized trace for a large class of elements in the domaln of T.

For this recall that for A < 1every element u € domT can be wrltten uniquely as u = u + u with
u} € H*(R?) and ul* € ker(T — 1), cf. Lemma. Moreover u? = y(4)h for some h S Lz(Z)

cf the definition of y(l) in Lemma[2.6|
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Definition 4.15. Let A < 1. For h € domB;, we define the generalized trace of y(1)h via
trs (Y(A)h) := Byh.
Hence for an element u = u* + y(A)h € dom T with h € dom B, we define
tryu 1= tr)z:uf.“ +I§;h.
The definition above has the disadvantage that it seems to depend on A < 1. However, this is not
the case as we will show in the following lemma.
Lemma 4.16. The definition of try u is independent of the particular choice of A < 1.
Proof. Let A, < 1 and u = u. + y(A)h € domT with u. € H(R) and h € domB; = domBNﬂ,
cf. Lemma[.T4] Hence we can write u as u = i + y({t)h with
ite == ue+Y(A)h—y(h=uc+A—)(A=2)"'y(w)h €H*(R),

where we have used the formula y(4) = y(u) + (A — u)(A — 2) " Ly(u), cf. Lemma@ Hence
u=fi.+y(1)h is also a decomposition of u as u = uc + y(A)h. Moreover we get with Lemma.4]
and Lemma .14

try (Y(A)h—y()h) = trs (Y(A)h — y(0)h) —trs (y()h —y(0)h)
= M(A)h—M(u)h

= [Bo+M(A)|h— [Bo+M(u)|h=Byh—Byh.
Hence we get
trs e+ Byh = try (u—1y(1)) +Byh=try (e +y(n)h—y(1)) + By h = try i, -H??;h.

From this we observe that try u is independent of the particular choice of A < 1. O

Next we have to specify an operator ® in L?(X) such that the operator Ag as defined in Section@
coincides with a Schrddinger operator with d-interaction of strength é on ¥, i.e. with an operator
which acts formally like

(—A— éS}:) u=—Au— éu\z - Oy.

On the other hand, the action of the operator 7 — 1 is given by —Au — hdy. Equating both
expressions we get

1 1 1 —~
h= au|2 = atrz (uc+ ’]/(O)h) = E(uc‘z+3()h).

Hence oth — Bvoh = uc|y. Using the generalized boundary triple from Corollary @ this equation
is equivalent to (& — Bo)I'ou = I'ju. This heuristic explanation motivates the following defini-
tion.
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Definition 4.17. For a € R\ {0} define the Schrodinger operator —Ay ¢ in L?(R9) with §-
interaction of strength é supported on X as —Ay o :=Ag — 1 with @ := a — By. This means

— 1
dom—Ay ¢ =domAg = {u € domT : (o —Bo)Tou =Tu} ={ucdomT :h= atrzu},

1
—As qu = (Ao — 1) u=—Au—hdy = —Au— atr):u O

If & > sup,c5 ko(x) then ® > & — sup, 5 ko(x) > 0, cf. Lemma[F.13} Hence we know from The-
orem .6 and Theorem [.7] that the operator Ag is selfadjoint and bounded from below. More-
over, if ¥ is a compact C*-manifold, the resolvent difference with A belongs to & ,(L*(R?)) for
p> % — 1. Obviously —Agy ¢ has the same properties. The following theorem shows that the
assumption ¢ > sup,y ko(x) is not necessary for this.

Theorem 4.18. Let Ay < 1 be such that sup,y kj (x) < & holds for all A < Ay, cf. Lemma
Then the Schrodinger operator —Ay ¢ is selfadjoint in L?(R?) and bounded from below by Ag— 1.
If we assume additionally that ¥ is a compact C*-manifold then

(—Ara=2A)" = (~Ape —2) ' € GH(L*(RY)
holds for all A € p(—As,q) N P(—Apee) and p > % — 1. In particular this resolvent difference is

compact and Gess(—As o) = [0, 9.

Proof. As in Definition set ® := ot — By. As M(2) is bounded and selfadjoint for A € R, cf.
Lemma[2.7, ® — M(A) is selfadjoint too. Moreover we have for all 1 < ¢

©-M(A)=a— (By+M(A)) = a—B; > a—supk; (x) > 0,
xX€X

ie.0ep(®—M(A)). By Theoremthe operator Ag is selfadjoint in L2(R?) and A € p(Ae).
As this is true for all A < Ay we get Ag > Ag. Hence also —Ay 4 = Ag — | is selfadjoint and
bounded from below by Ay — 1.

Note that also by Theorem 2.8 Krein’s resolvent formula @-I)) holds for all 1 < 4. Hence
(Ao =2A) " = (“Apee —A) "' =YX+ DO-M(A+ 1)) '¥(A +1)"

holds for all A < Ag — 1. If we assume that ¥ is a compact C*-manifold then Lemma
implies y(A + 1) € &,(L*(X),L*(RY)) and Y(A + 1)* € &, (L*(R?),L2(X)) for all g > d — 2. As
[©@—M(A+1)]7" € L(L*(T)) we get with Lemma 2.3 in [[13]] (see also I11.§7.2.2 in [37]))

(~Ara—2) " = (“Aree —A) ' = YA+ 1)[O-MA+ 1] YA +1)" € 6,(L*(R))

for p:= % > d%z and all A < A9 — 1. Analogously as in the proof of Theorem@ we get for an
arbitrary it € p(—Ax o) N P(—Afree)

(7AE,OC 7#)71 - (*Afree 7:“)71 = Ul ((7A):,oc 71)71 - (7Afree 7A)71)U2 S Gp(Lz(Rd))
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with the two bounded operators
Upi= I+ =2) (A —p) ") and Usi= (I+ (B —2A)(—Atee — 1) ")

As the resolvent difference belongs to &, (L*(R¢)) itis in particular compact. Hence we get with
Theorem 6.19 from [64]] Cess(—Ay, o) = Oess(—Afree) = [0,00[. O

For a better analysis of —Ay o a deeper understanding of the operator B\,{ is needed. In particular
a better knowledge of the eigenvalues of B} is helpful to describe the eigenvalues of —Ay o more

accurate. As the eigenvalues of EZ are dependent on the dimension we restrict ourselves to the
case that I is a closed curve in R?, which is done in the next section.

4.4 Application to S-interactions on closed curves in R>

Throughout this section X is a compact, closed, regular C2-curve in R? of length L > 0 without
self-intersections. Of course it is possible to find a set of parametrizations o; satisfying the
conditions (C1) to (C4) from Section but for our purpose it is more convenient to use a C2-
parametrization & : [0,L] — R3 of £ with |&(s)| = 1 for all s € [0,L]. Moreover, we define for
x=o0(t) € X and 6 > 0 the open interval in £

(x):={o(s):s€t— 8,1 +8[}.

(Ift =0 ort = L we have to replace o by its L-periodic extension or by a shifted parametrization.
However, this case is not important as it just concerns a set of measure 0.) As o is Lipschitz-
continuous with Lipschitz constant 1 we observe I5(x) C 2N Bg(x) and hence £\ I5(x) D £\
Bg(x). In general, these sets do not coincide, but when 6 tends to O they become similar. This
allows us to give an alternative representation of the function k, in the following Lemma.

Lemma 4.19. Let A < 1 and let k;, be the function defined in Lemma Then

. i e V=D y né
l(x)iéli;% / 4r)x —y| ° y)_ﬂ
I (x)

holds for all x € .

Proof. Let x € X and ¢ € [0,L] such that o(t) = x. As mentioned above we can assume ¢ # 0
and t # L. Furthermore we assume in the following that § is sufficiently small such that § <
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min{r,L;}. Due to £\ I5(x) = [£\ Bs(x)] U [(ENBs(x)) \ I5(x)] we have

Vo]
/ Aoy do(y)
I\ (x)
e~V —(A-1)lx—y| e~V —(A—1)lx—y J
= [ et [ et
\Bs (x) (ZNB5(x))\I5 (x)
e~V —(A=Dlx=] J e~V —(=1)]o(t)=0(s)|
- / iy 4o0)F o) —o()]
X\Bs(x) {s€[0,L]:|o(t)—o(s)|<b<|s—1]}
Hence we get with the definition of k; in Lemma f.T1|
e~ V(A== Ind

lim /  do(y)———

50 | . 4x|x —y| 2w
75 (x)

i e~V —(A-Dlx—y| Ind
i) f C amy Y
(ZNB;(x)\I5 (x) (4.36)
e~ V—(A-1)o(t)=0c(s)l }
+ s
4rlo(t) — o
{s€[0,L):|o(1)—0(s)| <5< |s—[} lo(t) =)l
e~ V—(-Dlo(r)—0c(s)|
=k (x) + lim ds.
50

dr|lo(t)— o
{s€[0,L]:|o(1)—0(s)|<8<|s—1]} o) @

As T is a C2-curve we can apply Taylor’s theorem to each component of ¢ and get for some

suitable {;, & and {3
G]Z(Cl)} (t—s)?

With the constant Cy := \/||0'{’||§° + /64|12 + ||o¥||% and a local Lipschitz constant L of 6! we

get now
oy (E1)
0, (&)
03 (&)
=lr—s (1 - %\I*S\) > |t —s] (1 - %L\o(t) — cr(s)\) > |t —s| (1 - %LS)

(1—s)

lo(t) —a(s)| 2|6’ (s)] |t —s| - 5

C
> Jr—s| = 2l —sf?
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for all s € [0,L] with |[6(t) —o(s)| <0 < |t—s
that 1 — C—Z"L5 > 0. Hence

, if we assume that § is sufficiently small such

(s€[0,L]:|o(s)—o(t) <8< |s—1]} C {se 0,1] : |t—s|(1 _%m) <5< |s—t|}

= s€[07L]:5§\tfs\<+
1-5°L6

and therefore

e~V —(A—=Dla()=o(s)]

d
anfo(t)—o() ©
{s€0.L|0(1)~0(5)|<5<|s—]}
: e~V —A-1a(t)=a(s)| . L
< / ds < / ——ds
4o —o(s) prep—
{SG[OL]:SS\FSKFEAQL& {.YE[O,L]:Sg\t—xKliénga
5
pngl s
L L L C. 6—0
== ~ds= - (In—p— &) =~ "In(1-715) =50,
2n / s @ 27r<n1_C26L5 n) am 2
3
The assertion follows now with {#36)). O

Note that with Lemma .19 and with equation @33)) in the proof of Lemma T3 we also get the
following alternative representation

S/ ns

. e n

(Bah)(x) = (%IE}) L ! h()’)m do(y) h(x)zn_} (4.37)
\15 (x)

of the operator B;. We will use in the following this representation of B; because it is easier to
handle than the one given in Definition

Next we consider at first the case that the closed curve is a circle of radius R > 0 in R3. In order
to distinguish it from a more general closed curve X the circle is denoted by 7. Without loss of
generality we assume that 7 is parametrized by the function

7:[0,27R] = R, 1+ R(cos(t/R),sin(t/R),0).

Furthermore we will use the formula

2(r) — 7(s)| = 2Rsin ( ‘52;;‘ ) . (4.38)

At first we will show the following Lemma.
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Lemma 4.20. The function k) defined as in Lemma is independent of x. In particular
1n(4R
ki(x) = forallxeT.

Proof. Due to the symmetry of the circle 7 we observe that k; in fact is independent of x. Hence

we can choose in the following w.l.0.g. x = 7(0). Moreover we get with formula @38) and the
substitution s := ﬁ

1
| Gotx=)dots /47'E|x 3] 490) = / a0 — =0y
Ts(x) s
2R~ n*ﬁ |
- / 47 -2Rsin () dr= 8nRsins'2Rds
- / dmsins / 2msins < L71:[7111(“)5([/2))Jrln(sm(t/z))];
= % {—ln (cos(ﬂ/4)) +1In(sin(7/4)) +1In(cos(6/4R)) —In (sin(8/4R))}
= 5[ n(cos(8/4R)) ~ In(sin(8 /4r))|
1

Recalling the alternative representation of k; in Lemmaf.T9 we get hence

. Iné
ki@ =lim | [ Golx—y) doly)+ 2>
Ts(x)
—ilim In(cos(6/4R)) +1n _9
2760 sin(8/4R)
. ARS\ In(4R) 1 . &\ In(4R)
—2n§2‘*})‘“<®)— o +E§ﬁ%‘“<ﬁ>_ m H

Next we consider the operator B defined by Definition [f.12) or equation #37) for the case of a
circle. In order to distinguish it from the case of a general closed curve it is denoted by BT.

Lemma 4.21. The operator B,T defined by

4m|x —y| 2w 47|x —y|
T5(x)

(BT = }sig})[ ) da) s )1“5] = [MOZ ) 4 et o)
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is essentially selfadjoint in L* (T). Its closure ﬁ is semibounded from above, has a compact
resolvent, and its eigenvalues (ordered nonincreasingly and counted with multiplicity) are given

by

Vl(l):ln(4R)7 vor(1) = vy 1 (1) = l

?I\—‘

L e

Proof. At first we calculate the eigenvalues of B,T. If i is a constant function we get obviously
[B] — ko] = 0. Consider next the function / defined by A (x) := sin(kt /R) with ¢ := 7~ (x) and
k € N. With the identity (@38) and sin(ks/R) — sin(kt /R) = 2sin (%) cos () we obtain

27R
sin(ks/R) — sin(kt /R)
(18T —kolh) (x /W g ()—0/ e zism(s;)R ds

N

Z”Rsm cos (k(;;’)>
- / d
4R sin

\f f\)

! sin ("“71;’)) cos (k(;;r)) 2R <%> cos <%)
_0/ 47!Rsm<‘Y ’|> a5t J AZRSsin (\; ,\) ds. (4.39)

With the fact, that sin is an odd function, the substitution z := s — ¢t + 27R and the formulas
sin(ot 4 ) = —sin(o) and cos(ot 4 ) = —cos(¢x) the first integral in f.39] becomes

pain () eos (57) | o5 eos(45)
0/ 471:Rsm ‘;Rtl) dso/ —47rRsm(2R) @

2nR 27R
_ e ok e 5)

27R—1 —4mRsin (5 — 7r) smk,  AERsin (37)

Analogously we get with the substitution z := s — for the second integral in .39

/ in (5 oos (*5) / in () cos (4 + &)
471:Rsm(‘s t‘) a 47mRsin (ﬁ) -

t

Combining these two results we obtain from [@#.39) with the substitution s := 5% and the formula
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cos(a+ ) = cos(a) cos(B) — sin(a) sin(f)

27R T
[ sin (% kz %) cos (& + ﬂ) [ sin(ks)cos (& +ks)
([BIT B ko]hk) () = / éle;I:R sin (:—) o de= / 2n sin(?) ds

i3

) 2:;1]?) { (%)'COS(kS)—sin (%>~sin(ks)} ds

_ —hi(x) /7: 1 —cos(2ks) ds

4 sin(s)

where we have used in the last step the definition of A, the formula 2sin?(a) = 1 —cos(2¢t) and

T .
/ sin(ks) cos(ks) ds =0,

2msin(s)

cf. [38] 3.612 1.]. With the indefinite integrals [38] 2.526 1. and 2.539 4.] we get

T

sin(s)

Hence

1 & 1 In(4R) 1 & 1
Blh={k—=Y —— | u= —Y —|n
b (0 71:.12]'1) , < 2 77:.212j71 ¢

Analogously we get

for the function /i defined by 7 (x) := cos(kt/R) with ¢ := ! (x) and k € N. Therefore

In(4R) 1 & 1
TNV Ty
cp(B,){ T ﬂj}_lzj_],keNo}. (4.40)

As the span of the functions hk,ﬁk with k£ € N and the constant function & = 1 is already dense
in L2(T) and BT is symmetric there are no other eigenfunctions and hence no other eigenvalues,
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In(4R)
2n

i.e. in (E40) equality holds. Note that the eigenvalue has multiplicity one, while all other

eigenvalues have multiplicity two.

Due to

(B +i)hy = ( -

k
(BTii)ﬁk—<ln(4R)—:[Z 1 ii)fzk

we observe that ran(B;r +i) is dense in L2(T"), hence B7 is essentially selfadjoint, cf. [68, The-
orem 5.21]. O

Next we want to extend the results from Lemma toall A < 1 and to a general closed C2-curve
T of length L = 27R, which is parametrized by its arc length parametrization o : [0,L] — R>.
This is done by a perturbation of the operator BT. As a preparation we show the following
lemma.

Lemma 4.22. Let A < 1. The operator Dy, : L*(X) — L*(X) defined by

& Vo) -0 g/~ Dlt(t)~1(s)|
(Da1) (o)) = O/h<o<s>>[ e e ] L)

is compact and selfadjoint. Moreover there exists a A-independent constant C > 0 such that
1Dl < C forall A < 1.

Proof. In the following we will identify the parametrizations ¢ and 7 of X and 7T, respectively,
with their L-periodic continuations on R. Let 5, € R with |s —#| < 5. Define £ : (0,00) — R via

fl2) = %p for z > 0. Then

o= 4| EBEI T e IV [y
=an 2 - 4 z 2

(4.42)
Note that the functions z s ™V ~(A=Dz 7 % and z — Ziz are all monotonously nonincreasing
on (0, ), therefore the same is true for | f’|. Hence it follows

VRO -0()] VA1) ~2(s)]
dnlo(t)—o(s)|  4mlt(r)—(s)]

< 1f Guin)l - [lo(t) —o(s)| = |2(t) = z(s)I|  (4.43)

with Gin := min {|o (1) — o (s)|,|7(t) — 7(s)| }.
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Note, that there exist €5 > 0 and &; > 0 such that for all s, € R with |s —¢| < %
lo(s)—o(t)] > esls—t| and |T(s)—7T(r)| > &|s—1]
holds. With € := min{é&s, &;} > 0 the estimate (-43) can be simplified to

o VAo -0() o~V ATl -1(s)|
dnlo(r)—o(s)|  4mlt(r)—(s)]

<|f'(els—iDlllo@) = o(s)| = |t(r) = 2(s)]].  (4.44)

As T is a C?-curve we can apply Taylor’s theorem to each component and get for some suitable

1. & and &3

o (t) o] (g2
o(t) = |o2(t) | =a(s)+0'(s)(t —s)+ |03 (6) | =
03(t) 03 (&)

With Cg := \/de/Hgo-l- lo3 12+ 1|6 |2 and |o'(s)| = 1 it follows

[§)

G{,(gl) (t—s)
lo(t) —o(s)| < |o'(s)] |t —s|+ || 07 (&) 5
0y (&3)

C
< |t—s|+76|t—s|2.

Analogously we get with C; := \/IIT{'||§°+ 2512+ 1175112

f{,(él) (t _S)Z

C
706 = 5(5)| = [ =5l = | | 2(&) | | 525 = I =5l = SFle = o
75(83)
for some suitable &;, & and &;. Hence
Cs+C
0() — ()] ~ () — ()] <~ P
By changing the roles of ¢ and T we observe
Cs+C
lo(t)—o(s)|—|t(r) — ’L'(s)|‘ < %h —s% (4.45)

Note that e *(x+ 1) < 1 for x > 0. Together with #42), @43) and C := =S the estimate

. . 8me?
#&44) implies

e V-G Dlo -0 g/ ~(A-Tlt(0)~1(s)|
anlo(n)—o(s)|  4xle(r) —(s)]

GV O MEs A [/ 2 Defs—1] +1]

c (4.46)

IN

IN
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forall s, € R with |s—#| < 4. For arbitrary 5,7 € R there exists k € Z such that |(s+kL) —¢| < £.
As o and 7 are L-periodic it follows that (#.46) holds for all 5,7 € R. From @46) we conclude
that the integral kernel given in the definition of D, in @ZI) is bounded and hence square-
integrable on [0,L)?. Therefore D} is a compact operator, cf. [[56, Theorem VI.23]. Since the
integral kernel of Dy, is real and symmetric it follows that Dy, is selfadjoint. Moreover we observe
with the A-independent constant C := CL, the definition of D, in @.41]) and estimate {.46)

—/—(A=1)|o(t)—0o(s)| e—\/—(l—l)h(t)—‘m

471:|G o) =< |

||D?LhHL2(z)
< cznhnm

for all h € L*(Z). O

Remark 4.23. The Weyl function M is just defined on C\ [1,ec[. However, in the present case
the representation of M in @2)) in Lemma 4] can be extended to the case A = 1:

(MR @) = [ 809 (Gollv—y1) = G-1(—3)) do(y),  heLP(D)xe,
z

The operator M(1) which we get in this way is again a selfadjoint compact operator in L?(X).
Indeed, its integral kernel satisfies

l—e ol 1

0<Go(lx—y)) =G (Jx—y]) = Gy S am

and X is compact, which implies selfadjointness and compactness of M(1), cf. [56, Theorem
V1.23]. Furthermore, a direct computation shows that now Lemma f.14] is also true for the case

A=1

Lemma 4.24. Let A < 1. The operator By, is essentially selfadjoint in L*(X). Its closure By, is
semibounded from above, has a compact resolvent, and its eigenvalues (ordered nonincreasingly
and counted with multiplicity) satisfy

V(L) = —gll+0(l) as k—oo.

Moreover for every k € N the function A — Vi (L) is continuous and strictly increasing on the
interval (—oo, 1] and vi(A) = —c0 as A — —co,

Proof. Note that B, can be written as
A 2+ A J,

where J : L2(Z) — L*(T') is the unitary operator defined by Jh = hoc ot~ for h € L*(X) and the
operator D, : L*(X) — L*(X) is given by (#@4T). Recall that BI =BJ +M7 (1), cf. Lemma
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and Remark [4.23] and that M7 (1) and D, are compact and selfadjoint, cf. Lemma @ (together
with Remark Z.74)) and Lemma .22} Hence we get

By =Dy +J* (B +MT(X))J = Dy +J* (BT + M7 (L))J
=Dy 4+ (B] + M7 (1)1 =Dy + (7" (BOT+MT(7L))J)* =B,

i.e. By is essentially selfadjoint. As Biz = §+M7—(l) —MT7 (1) we have for u € domB),

(Brut.u) 2(s) = (D) 2w+ (I (BT + M7 (2) = M7 (1)) Ju, s,
:<D?L”7u>L2( )+<B Ju J”)LZ (( T(x) ( ))J”J”>L2(T)
< DIl 2aggy + AT 1l 2oy 17 (R) = MT () 2
< (CHA] + M7 ) =M (D)) ull ),

with the constants C from Lemma and kT = gn >, cf. Lemma- Hence B), is bounded
from above. Moreover we have with Lemma 2.2]
Vi(A) = <B7M7M>L2(z)
S UCdomBl ueU\{O} llull 2(s)
dimU=j
_ . <Dlu,u>L2(E)+<BTJM,JM>L2(T>+<(MT(A)7MT(1))JM,JM>L2<T)
= max  min
UCdomB, u€U\{0} llull 2z
dimU=j

(ﬁlu, JM)LZ(T)

max min
UCdomB; ucU\{0} ||JMHL2(T)
dimU=j

A

+C+|MT(7L)—MT(1)I}

ﬁwv
max min | BLe FC+IMT(A) - MT(1)]]
VCdomBT vev\{0} HVHLZ(T)

dimV=j

=vI()+C+|MT(2)-MT(1)]].
Analogously we get v;(4) > v7 (1) =C —[|M7 (A) — M (1)|| which implies
vi(A) =vI(1)+0(1) as j— . (4.47)

Recall that ):];:1 } =Ink+ O(1), see e.g. [1, Equation 4.1.32]. Hence

LS| E1 11 In(k) 1(2k)
;T*l ]Zl] ,-le n(2k) — > +0(1) = 5 +0(1) as k— +oo. (4.48)
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With equation @-47), @-48) and Lemma .21 we get

_In(4R) 1 & 1 ~ In(2k)
var(A) = Vi (1) +0(1) = o 7;};2]'71+0(1)_ or +0(1) as k—oo.
Moreover we get
In(2k In(2k+1
V2k+1(l):VZk(l):—%-FO(l):—i(Zﬂ )+0(1) as  k — oo,

It remains to show that the eigenvalue functions A — Vi (1) are continuous and strictly increasing
for each k € N. For this let A, i < 1 and define the operator Dy , : L*(Z) — L*(X) by

/h VOl _ g/ 1|
y)

D
ruh) 4mlx—y)|

do(y).

As |e=% —eP| <|o— B[ for all a, B > 0 we for the integral kernel of D;, ,, the estimate

eV D] _ g/~ D]

4ﬂ|xfy\

\\/ A-1)—/=(u-1)
e . (4.49)

Hence D , is a compact operator and its norm can be estimated by l—% ML,
cf. [56, Theorem VIL.23]. Since the integral kernel of D, , is real and symmetric it follows
that D, ,, is selfadjoint.

It follows from the definition of D) ,, and the definition of B and By, that Byh — B,h = D, ,h
holds for all 2 € C%!(Z) and hence that

Byh=Byh+Dy yh

holds for all & € dom B;,. With Lemma [2.2] we get

(Bpu,u) 2(x)  (Buuyu) sy + (D it u) v
Vi(A)= max min ————~ = max_ min
ucdomB, ueU\{0}  [|ul[2(x) UCdomBy, u€U\{0} llull2(x)
dimU=k dimU=k

<E’47 M>L2(2)

max min
UCdomBy u€U\{0} ||”HL2(2
dimU=k

= +Dmll} = Vi(1) + 1Dz |

and analogously vx(4) > vi(u) —||D; ,||. Hence

WA VD] e

4r

[Ve(A) = V()| < [[D
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i.e. A — vi(A) is continuous.

According to Lemma[.T4 and Lemma 2.7 we have
(B = Byu)h=(M(A) = M(u))h = (A = w)y(A)"y(u)h
for all & € domB; = domB,,. Hence we get

d — . (Bah.h)pa gy — (Buh,h) o)
a7 Bahh)pas) = /Pg}l Fp—”
= lim (y(1)"y(u)h, h) 125
n—i

— L _ 2
= &ﬂ(y(u)h#(l)hmm = vkl >0

for all h € domBj, \ {0} , i.e. the function A — (E}uh)Lz():) is strictly increasing on (—oe, 1].
Furthermore, for every finite-dimensional subspace U C dom By, there exists oy € U \ {0} such
that

By _ . B
holfg  nevMor 1Al

As the function A — (B, hy,hy) 12(x) s strictly increasing we get for A < p <1

win (Bah,h) vy (Bahu hu)pas)  (Buhu,hu)ppsy nin (Buh,h) 2 x)
heU\{0} ”hHIZ‘Z(Z) B HhUHiZ(Z) ‘|hU||iz(Z) heU\{0} HhHIZAZ(z)

Denoting by U, the k-dimensional subspace of dom B such that

. <Eh7 h>L2(Z) . <Eh7 h)Lz (X)
max__ min A =, U1\r%0} T
g 0 Wiy =0 Bl
we get with the inequality above
. (Bahh) . (Bah.h) oy
max  min T = A IIEII\I}O}W
g N Wiy et Wl
. (Buhh)pax) . (Buh,h)pax)
< min —ep——" < max__ min ——mp——"
heU\{0} ||hHL2(Z) UCdomB, heU\{0} ”hHL?(Z)
dimU=Fk
Thus Lemma2.2)implies V(1) < vi(u) for A < u < 1. O

Now we are in the situation to improve the results about the spectrum of —Ay q.
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Theorem 4.25. Let A € p(—Ax o) NP (—Afiee) and s1(A) > s2(A) > ... be the singular values
of the resolvent difference

(—Asa—A) " = (~Apee —2) 7", (4.50)
counted with multiplicities. Then

sk(l)zo(WInk) as k—»oo.

Proof. (In order to keep the notation simple we will choose A € [p(—Ayx ¢) N P(—Agree)] + 1
instead of A € p(—As.¢) N P(—Afree).) As in the proof of Theorem we observe that the
resolvent difference in (@30) can be written as

(~Asa—A+1)"" = (“Aee —A+ 1) =y(A) (@ —Bz) ' ¥(A)".

With Lemma 4| and Remark we get Y(4) € &, (L*(R3),L*(X)) for p > 1 and s;(y(A)) =

O(1/) for j — . Hence also 5;(y(A)*) = O(1/) as j — oo, i.e. there exists a constant C > 0
such that

c . C

si(v(A)) < 7 and  s5;(Y(2)%) < 7

Moreover it follows from Lemma .24 that the singular values (which coincide with the eigen-
values) of the selfadjoint operator (ot — B, ) ™! satisfy

si((a—Bp)™) s%

for some suitable C. Without loss of generality we assume in the following C = C. With [37,
Corollary 2.2, Chapter I1] and In j = _%1n(j3) > %ln(Sj) for j > 2 we get

szj—2 (Y(A) (@ —B2) " 'y(A)*) < sajo1 (v(A) (@ —By) ") s;(v(A)")

3 3
<55 (vA)ss (@~ B) V)55 (1A)") < — 27e

)= 717 = B ne))

for j > 2. Due to

53 <YAO(OC*E)71?%) <s3-1 (m(a*E)Aﬁo) <352 (710(0‘*E)71ﬁ0>
and

27¢3 27C3 27C3
(3/)*In(3j) = (3j—1)2In(3j—1) = (3j—2)?In(3j —2)

this implies

— 27C3
~1
st (no(@=B0)"%,) < g

forallke N, k> 4. O
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A consequence of the compactness of the resolvent difference (@350 is that the only possible ac-
cumulation point of the negative eigenvalues is 0. Moreover we know that —Ay 4 is semibounded
from below, cf. Theorem T8 The following Theorem shows that there are even only finitely
many negative eigenvalues and gives and estimate for its number. For this define

/L /L
00
Note that ||D; || < dy for the operator D defined in equation (@A) of Lemma.22] Furthermore
define for r € Ny the disjoint intervals

In(4R) 17E& 1 m@AR) 1 ¢ In(4R)
- — A — I q:= o
p ; 5T Z and 1 ,+

1
P 2

1
dt ds

47?\6(0 ols)|  4aft(t) = (s)]

I, :=

2 21 7 = 2

such that R = U7 I

Theorem 4.26. Ler o # 0 and r,l € NgU{—1} such that oe +ds € I, and o — dx € I;. Denote by
Ng the number of negative eigenvalues of —Ay ¢, counted with multiplicities. Then

2r+1 < Ng < max{2/+1,0}.

In particular No, =0 if @ — dx > (4R)

Proof. Denote by v (A) the k-th eigenvalue (ordered nonincreasingly and counted with multi-
plicity) of B,. Let N € Ny be the number of eigenvalues of B (counted with multiplicity) which
are larger than o (note that N = o= is not possible because the eigenvalues accumulate to —oo, cf.

Lemma [.24):

vil)>wn()>...>wl)>a>vy(l) > ...
Recall that the eigenvalues vy (1) of B] = Dy +J*ﬁ] can be estimated by
vl (1) =Dl <vi() <V () +|Dill,  keN,

with the operator D; as defined in @Z]). By [56, Theorem VI.23] the norm of D; can be
estimated by the L?-norm of its integral kernel, i.e. |ID1]| < dx. Hence, if o +dy, € I, we have

In(4R)
a+dy < n(

i =v] (1)

and therefore o0 < v;’; +1(1) =ds < vary((1). This means that By has at least 27 + 1 eigenvalues
larger than o, i.e. 2r+1 < N.
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If ¢ —dx € 11 or, equivalently, o —dy > ln(4R) = v/ (1) we have vi (1) < v/ (1) +ds < a. This

means that B has no eigenvalues larger than a,ie. N=0.

If o — dy € I; for some [ € Ny we have

In( 4R 1
a—ds > *;Z —V21+2(1)

and therefore o > vg; +2(1) +dx > vo5(1). This means that By has at most 2/ + 1 eigenvalues
larger than «, i.e. N <2/ + 1. So far we have shown

2r+1< N <max{2/+1,0}

and it remains to show Ng = N, i.e. the number of negative eigenvalues of —Ay o coincides with
the number of eigenvalues of B larger than .

As seen in Lemma the functions A — v,(A4) are continuous and strictly increasing on
(—oo,1] and 4 (A) — —oo as A — —oco. Hence for each k € {1,...,N} there exists A4 < 1 such
that v () = aand v;(4) < e forall j >N andall A < 1.

As y(A) is for every A < 1 an isomorphism between ker(a — By ) and ker(Ag — 1) we get
dimker (— Ag ¢ — (A4 — 1)) = dimker(Ag — /)
=dimker(ot— By, ) =#{j € {1,....N} : vj(4) = a}

for each k € {1,...,N}. In particular A4; — 1 is a negative eigenvalue of —Ay . Moreover all
negative eigenvalues of —Ay ¢ are of the form A; — 1 for some j € {1,...,N}.

If A — 1 has multiplicity s (and A; > A;_1) then v (4) = ... = Vi1 (&) = a. Hence the
number of negative eigenvalues of —As o counted with multiplicity coincides with the number
of eigenvalues of By larger than o: Ny = N. This completes the proof. O

The following picture illustrates the proof of Theorem .26l Each intersection of an eigenvalue
function v; with the constant line & indicates a negative eigenvalue A; of —Ay o+ 1.

Vl(l)

Vg(l)
Al =23 /y‘@(l) A

T

. L gva(1)
. Y

/ vs(1)

---—
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In the next corollary we give a more explicit estimate for the number of negative eigenvalues of
—Ar g.

Corollary 4.27. Let o # 0. Then the number N, of negative eigenvalues of —Ay o, counted with
multiplicities, can be estimated by

2Re Ve MY | —2(eB — 1) < Ny < 2Rce %7 4 1, 4.51)

27L'd):

where y =~ 0.577216 is the Euler—Mascheroni constant and c := e In particular, Ny =

e—2n:oc+0(1) as of — —oo,

Proof. As in Theorem[2€]let 1,/ € NgU{—1} such that & +ds € I, and & — dy. € I;. The proof
is based on the following estimate for the harmonic sum, which can be found for example in
equation (9.89) in [39]:

1 1

I 1
Ikt y+ o ——— Mk+y+o———t—— keN. (452
RRRAST 12k2<Z ST T e T o < © *32)

Equatlonandzj 12J : ZJ 12J 227 1211 T imply

ij - > In(20) +7+ ! —i71<1nk+y+ifi+#)
= 4k 48k2 2 2k 12Kk2 0 120k%
Ink+1n4+7y 1 1 Ink+1n4+7y
-T2 s uoe T 2
Hence if [ € N then ot —dy € I; implies with the estimate above
1 In(4R) Inl+In4+
@ —dz < E;zjfl gn)_ 7 !

and therefore In/ < —27(a —dx) + InR — y. This implies together with the estimate Ny < 2/+ 1
from Theorem

Ng <20+1 =26 41 < 2¢72m(@—de) IR~y | | — opee=2ma=7 4 |

which is the upper estimate in @31)). If / = —1 or / = 0 then Ny < 1, cf. Theorem .26 and
the upper estimate in 3]) follows immediately from the fact, that the exponential function is
positive.

For the lower estimate in @31)) we deduce from @32)) in the same way as above

k
b

o 1 1
In(2k —7(1 k 7_7)
<CO+TH E - e oo A\ MY T e

_ Ink+Ind+y 1 1 <1nk+1n4+7+23kz
N 2 48k2 " 1920k 2 ’
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Hence if r € Ny then a +dx € I, implies with the estimate above

1
In(4R) 17E 1 n(4R) In(r+1)+nd+y+ 55
a+dy > ——-—— - > -

2 TS 2j—1 2 2

and therefore

1

1 Nt ——=>-2 d. InR—1. 4.53
n(r+ )+23(r+1)2> n(a+ds)+InR—7y (4.53)

Equation (@33)) implies together with the estimate N > 2r + 1 from Theorem f.26]

Ny — IRc L 2ma—Y > +1— 2e—2ﬂ(0¢+dy_)+1nR—y

n(r+1>+23(r]+])2

>2r41-2¢
— (1) = 2+ 1)eBE — 1
=2(r+1)(1 —em) —1=:g(r).
As g'(r) > 0 for all r > 0, the minimum of g for r > 0 is attained at » = 0. Hence
No— 2R e 2707 5 9 (1 — ) — 1,
which gives the lower estimate in @351]) for r € N.
In(4R)

For r = —1 we have a +dy > == and hence 27(a +-dx) > In(4R). Therefore

2Rc e MUY | (e — 1) = 2Re 2RO Y | (% — 1)
<2Re MRV _ | _2(en 1)

2R |
=2 2B 1) <.
1R’ (e ) <0
Hence the lower estimate in (@3T)) is also true for the case r = —1. O

Motivated by [2830] we prove finally the following theorem.

Theorem 4.28. Let T be a circle in R? of radius R = % and assume that ¥ is not a circle. Let

o< mg‘:{R). Then

min6(—As o) < min6(—A7 o),

where —AT o denotes the Schrédinger operator with 8-interaction of strength é supported on
the circle T.
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Proof. The proof follows the ideas of [28,[30] and is based on the strict inequality
L 2
/\0'(5+u)70'(s)|ds< ;sin%, e (0,L/2), 4.54)
0

cf. Proposition 2.1 and Theorem 2.2 in [30]. Here o is again the parametrization of the curve X

and is identified with its L-periodic extension to R.

At first we will show that @354) holds also for u € (%,L) For this let u € (5,L). With the

substitution 7 := s+ u and the fact, that ¢ is L-periodic, is L-periodic we get

4 L+.u
/\c(s-l—u)—cr(s)\ds: / \6(t) = ot —u)| dt
’ L ’ L+u
:/\G(t)fcs(tfu)\dﬂr/|0'(t)70'(t7u)|dt
u L
L

/\ (1) — (t—u)\dt—l—/\o o(t —u)| dt
L

\6(t) — ot —u)| di = /|o +L—u))—o(1)| dr.

C\

As L—u € (0,5) we can use @34) to estimate the last integral in @33) by

L2 wll—u I? TN R
L—ul)— < ZsintE T Z g ( _7>:7~7
/\G(t—i—[ ul)—o(t)| dr < L sin—— b sin

Combining #33)) and @36) we observe that @354) holds for all u € (0,L).

Next we define for A < 1 the function Gy, : (0,00) — R via

“(A—D)x

Gl =", x>0

R

(4.55)

(4.56)

It is easy to see, that G, is strictly monotonically decreasing and convex. As {#.54) holds for all

u € (0,L) we get with the fact that G, is decreasing the inequality

L
1 L . mu
Z/|G(s+u)—o'(s)|ds > Gy, (;smf).
0

4.57)
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Using Jensen’s Inequality (see e.g. [57, Theorem 3.3]) the convexity of G, implies

L

/|G s+u)—o(s)| ds / (lo(s+u)—o(s)|) ds (4.58)

0

Combining @37) and @38) we observe

//G,1<s1n)dudv<L/LG,1 /|Gs+u) o(s)|ds | du

(4.59)
LL
//G;L |o(s+u)—o(s)|) ds du.
00

With the substitution ¢ := s+ u and the formula sin o = sin(7 — &) we get

(/LGA (%sin%) du= z/HG,l (%sin@) di
*/G <f§1n )dl+/G <f§1nw>dt
f/c <—51 )dl+/G <75m )dz /G ( i ”"*”)dz

and with the same substitution and the L-periodicity of ¢ we get

L L+s

[0 +1) ~ o(s)])du = / Ga(lo(t) = o(s))d

0

—/G;L (1) dt+/G/1 \6(t 4+ L) — o(s)|)dt

_/G,l 6 (1) dz+/G,1(|oz) o (s)|)dt = /G;L 6 (1) — o (s)|)dr.

With these two equalities we observe from @#.39)

L L
0< //G;L(\O'(t)fo(s)DfG;L (%sin ”'tL_S|)dz ds. (4.60)
00
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Next we recall that the operator B can be written as
By =D, +J'B]J,

with the selfadjoint compact operator D, : L?(X) — L*(X) and the unitary operator J : L*(Z) —
L?(T) defined in the proof of Lemma According to the definition of D, in @4T]), equation

#38) and @.60) we have

e V-ADle()-0()|  ,—/~A-Dt0)-1(s)]
<D/1]1a1>L2(2): [ } s dt

nlo(t)—o(s)|  4aft(e) —(s)]
Ga(lo(r) —a(s)]) = Ga(lz(t) — 2(s)]) ds dr

|t —s|

Il
Ot — O T
St — b T T —

Gy(|o(t) - a(s)]) - Gy (%Sin )dsdt>0.

Hence we have with the constant function & = \% on X (which implies ||| ;2(z) = 1)

Vi(A) > (Brh, )25y = (Dyhh) 25y + (B] Jh.Jh) 2y > (B Jh,Jh) 2oy = v (A). (4.61)
Denote now by 4; = mino(—A7 ) < 0 the smallest eigenvalue of —At 4. Due to
dimker (— Ay ¢ — (A — 1)) = dimker(Ag — A) = dimker(a — B)

this means that ¢ is an eigenvalue of B] As vlT(QL] + 1) denotes the largest eigenvalue of

A+10
— .
B; ., and due to (@6T)) we get the estimate

a< Vir(l] + 1) <V (l] + 1).

According to Lemma the function A — V(1) is continuous and strictly increasing on
(—0,0]. Hence there exists Ay < A; such that @ = v;(A, + 1), i.e. A, + 1 is an eigenvalue of
—As o. Hence mino(—As o) <A+ 1 <A1+ 1 =minc(—A7 q). O

Finally, we will compare our operators —Ay o to the operators defined in [54, Example 3.5]
and [[65 § 3], which we consider as representatives of the class of Schrodinger operators with
S-interactions defined in the literature.

Lemma 4.29. Let —AL be the singular perturbed Laplacian as defined in [154, Example 3.5].
Then —Aﬁ and —Ay o coincide.
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Proof. Let € > 0. As in [54] we define in L?(Z) the operator T'(1) by
e VA )\

74” 3 o(y)

()@ = [ [40) - 1)

)
-1y Ego - —V=Alo()—0o(s)|
+ h(x) In(e )+/ o417 =5 ¢ ds| ,
2 / 4m|r — s 4n|o(t) — o(s)]

dom@(4) :={h € C}(Z) : supph C Z\ 6~ 1(0)} C domB ;.

Note, that this operator is independent of €, cf. equation (19) in [54]]. Hence we get for all
h€doml'(A) and allx € X

V=A|y .
(Buah) () + (F(An / 00) =0 2 )+ o 1)+ )

L
— ln(eil) 1[0,8](|t*S|) e~ V—Alo()—o(s)|
= h(x) [k/l(x) +— | iz = ~ el o0 ds

VA Ind
e n
= h(x) 1 - —
h(")a‘ﬂ}){ anlx—y| o)+ 2
X5(x)
FLoq(l—sl) eV oot
+O/ anjr—s|  4nlo(t) - o(s)| ’
e~ VAl Log)(Jt—sl) e V-AloW-o()
=h(x)lim | [ f—— / : - ds |,
50 ®) 4mlx—y| 4mlt —s| 4z|o(r) — o(s)|
Ts(x

where we have chosen in the last step € = 0. Due to

Ty [Loallems) Voot
an—y OV anji—s|  4mlo(r)—o(s)|
I5(x)
o oVl -0(s) 15 ( =) _ e/ Rew-obl
=/ [1- [o,s}(lf*5|)]4n|a,) o *0/ anli—s|  4xlo()—o()]
L 1 —\/7|U (s)] d
= [o,ﬁ](\f—s\)[m‘,_\ ar|o(r) — c(s)\} g

- o~V =lo()—0(s)
amlt—s|  4m|o(t)—o(s)]

ds

Il
J O O —
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we observe

(Broah) (0)+ (FAIR) ()
48 oVl 49 oV Rlt—s| gV Alo(1)-0(s)|
*) fim, /47r|t—s| 4l —s] d”/a axi—s]  axlo()—ol) ¥
!

Analogously as in @:49) on page and in #43) on page P we see that both integrands are
bounded. Hence, if we send 8 to 0, the integrals converge to 0. Therefore —I'(A) C By, ; and

hence

a+T(A) Ca—By=a—By—M(1+1)=0-M(1+1)

with ® := o — By, cf. Lemma Hence we get for all sufficiently small A < 1

(40 )
— (A (1+x)) FY142) (O —M(1+1)) y(1+2)"
O (= Aree—A) " +¥(1+4) (0 +T () ' y(1+4)".

(—Ara—2)""

Keeping inmind y(14+24)* =t (A— (1+1)) " ' f. Lemrna we observe that the last expres-
sion coincides with (—AZ — )71, cf. the equation after (19) in [54]. Hence (—Agq—A)~! D
(=A% —2)7! and therefore —Ay ¢ DO —AL. As both operators are selfadjoint they coincide. [J

Lemma 4.30. Denote by — /\, 5 the Schridinger operator with 8-interaction of strength o €
R\ {0} on X as defined in [65]. Then — /o 5 and —Az‘ail%z coincide.

Proof. Let € > 0 be sufficiently small (in the sense of conditions C-1 and C-2 in [65]]) and let
A < 0 be arbitrary. For h € C%!(Z) and x € ¥ we define

i e VAl
(Tas(A)h)(x) = / [h(x) —h(y )]m o()

z

o~V e e~ V—Alols)—-a() In(2¢)
e Te(x) Amlx—y| yl /47t|s—t| dnlo(s)—o()] 7 2m |

cf. (3.2) and (3.9) in [[65]]. As above, ¢ € [0,L] is chosen such that o(t) = x € X. Moreover, o is
again identified with its L-periodic continuation on R. As we are interested in the limit 6 — 0
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we can assume in the following 8 < €. At first note

B I e~ VAl Iné
(Bisah) (x)+ (Cax(A)R) (x) = ()(Ho Ty 0)’)4'5
Ts(x)
oV Tlx— " e e VAlols)=o(l  In(2¢)
+h(x) o / =y OO | T T amet) —e & 2m }
Ze(x) €
—V=Alx—y| —V=Alx—y| Iné —1
. e e n né
—"("%‘EBLUW""(” prrEal
s(x e(x

. t+e ] e—V—Alo(s)—a(1)] 4 In2
O | G et~ “ T 2
—€

Due to Zs() \ Ze(r) = {0 (s )'8 <|s—t]<e}=0(t—&,1—-8]U[t+8,1+¢€[) andInd —Ine =

S
— = ‘sit‘ ds=— Iﬂfg (77 ds we observe
e VAl y‘ e Vb y‘ 2ln5—1n€
4x|x—y| do(y) - 4x|x—y| do(y)+ 4n
Xs(x e (x)
"Sefﬂ\o(syc(t)\ 1 E o~V Alo(s)~0 (1) 1

= — d - d
anlo(s)—o() dmps—1 T dalols)—o(0)]  dnls—1] s
—€ 1+

Hence

(Breah) () + (Cos(A)h) (x)

T 19 —V=Alo(s)~o(1)] L, " o~V Rlo(s) o (1) L,
= | et~ ams—1] s+/5477:|0'(s)6(t)|_471:|st| s
—&
t+€
1 e—V-2lo(s)—a(1) In2
+h(x)[ 47r|s—z\747r|0(s)—6(z)\ds+a7§
—&
1+8
1 e~ V—2lo(s)-o(1) In2
=h(x) li - h - ==
(")a‘%[/ﬁms—z amo(s) —o@)] 4| T e -5

ds|+h(x)

o In2
2 |

, o | | — o—V=Tlo(s)—o ()]
= h(x) 5%0 47t\s—t\ 47r|cr(s) G()\+ 4r|o(s) —o(1)|
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Analogously as in #43)) and @49) we see that the integrand in the last line is bounded. Hence,
if we send § to zero the integral vanishes and we get

(Byyah)(x)+ (Fazs(A)h)(x) = h(x) {a _ ‘“2}

for all x € ¥ and all # € C®!(X). In particular we can consider [, Z(),) as an essentially selfad-
joint operator in L?(X) with dom['y (1) = %' (£) and Ty (1) = — 82 B, ;.

Let I'q x(24) be the representing operator of the lower bounded closed symmetric sesquilinear
form @2 ;. in L2(X) defined by

dom@? v = {h € LA(Z) : @k 1 (h,h) < oo},

*F\x o
2// 4,r‘x 3 [g(x) —g(y)] do(y) do(x) +
_ *\/7\)6 }\ 7\/7\6( Y=o ()] 11‘1(28)
Z/h(x)g(x) [OC _): / 477:‘)( o(y)+ /477:\s 471.'\6(s) *O'(I)|ds_ 7 do(x),

cf. (3.7) and (3.8) in [65]]. Because of
eV Ayl
/ / 1)~ )] gy B~ 80N do ) o)

e VAl -
/ /h(x —h(y)) e do(y) | g(x) do(x)

4m|x —y|
b

we get <1>f;’2(h,h) = (Cax(A)h,h)a(z) < oo for all h € domTgx(4). Hence doml'yx(1) C
dom@éﬂz. Moreover we get CD%CA’Z(h,g) = (l;ayz(),)h,g)Lz(z) for all 1 € domI'yx(A) and g €
dom CIDQ;,):. According to Corollary 2.4 in [41, Chapter VI] this means

Fas(2) CTas(A).

As g x(2) is essentially selfadjoint and Iy 5 (1) is selfadjoint we conclude with Lemma

= In2 S —
FG,E(A) :ra,z(l) = a—ﬁ_B]+l :®+BO_BI+1 :G)—M(] +2«)
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for®:= o — % — By. Hence, with Proposition 5 in [|65]] and Lemma we get

(7Aa271)71u

= (7Afree 71)71”+/ [Fa,Z(A)il (tr%(fAfree 71)71”)] (y) : G?L(' 7)’) dO'(y)
z

— (= A+ 1= (142))  ury(1+2)(O=M(1+2)) ' y(1+2)"u
= (Ao—(14+1)) "u=(~Ara—2)"u.

for all u € L*(R?). Hence (— Ay » —l)_l =(-Asq—A)'and — Ay s = —Asq. O
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