














Abstract

In this thesis we consider a minimal residual/least-squares approach for the solution
of an abstract operator equation. In particular, the first objective is to apply a
least-squares method in combination with a space-time discretization scheme for the
solution of parabolic evolution equations. Moreover, a second objective is to consider
the approach for the simulation of electric machines.

In order to take into account the different types of partial differential equations
(PDEs) we present in a first step an abstract minimal residual framework together
with a complete stability and a priori error analysis. Furthermore, it is shown that
under a saturation assumption the method obtains an efficient and reliable error
indicator, which can be used to drive an adaptive refinement scheme.

In a second step, we apply the least-squares framework together with a space-time
discretization scheme to several parabolic PDEs, including the heat equation, the
convection-diffusion equation and a heat equation with nonlinear reaction term. Sev-
eral numerical examples are presented confirming our theoretical findings. In addition
to that we use the inbuilt error estimator in an adaptive refinement scheme resulting
in space-time meshes which are completely unstructured with respect to space and
time.

Finally, we apply the method to the simulation of an electric machine. Here we
consider a two-dimensional spatial domain and different models, including the mag-
netostatic approximation, a quasistatic approximation and the eddy current problem.
In the latter two models we exploit a space-time discretization in order to consider
the movement of the rotor within the mesh. Numerical examples are presented which
demonstrate the correctness of the proposed method.



Zusammenfassung

In dieser Arbeit betrachten wir die Methode der kleinsten Fehlerquadrate zur Lösung
einer abstrakten Operatorgleichung. Einerseits liegt der Schwerpunkt auf der Anwen-
dung der Methode in Kombination mit einem Raum-Zeit Diskretisierungsverfahren
zur Lösung parabolischer partieller Differentialgleichungen. Zum anderen soll dieser
Ansatz für die Berechnung elektromagnetischer Felder am Elektromotor eingesetzt
werden.

Um die dabei auftretenden partiellen Differentialgleichungen mit dem selben Zugang
behandeln zu können, wird zunächst ein abstraktes Konzept vorgestellt. Im Rahmen
dieses Konzepts wird eine vollständige Stabilitäts-und Fehleranalyse durchgeführt.
Mithilfe einer Saturationsannahme wird gezeigt, dass diese Methode einen Fehler-
schätzer besitzt. Dieser kann in einem adaptiven Verfahren zur Netzverfeinerung
verwendet werden.

Als nächstes wird die Anwendung dieser Methode auf parabolische Evolutionspro-
bleme demonstriert. Dabei wird ein Raum-Zeit Diskretisierungsverfahren verwendet.
Insbesondere werden die Wärmeleitungsgleichung, die Konvektions- und Diffusions-
gleichung und eine Wärmeleitungsgleichung mit nichtlinearem Reaktionsterm behan-
delt. Die theoretischen Ergebnisse werden durch numerische Beispiele bestätigt und
der eingebaute Fehlerschätzer wird in einem adaptiven Verfahren zur Netzverfeine-
rung verwendet. Damit ergeben sich völlig unstrukturierte Zerlegungen des Gebietes
in Raum und Zeit.

Abschließend wird dieser Ansatz für die Berechnung elektromagnetischer Felder am
Elektromotor diskutiert. Als physikalisches Modell der Maschine werden die Glei-
chungen der Magnetostatik, eine quasistatische Erweiterung dieses Modells und das
Wirbelstromproblem betrachtet. In den beiden letztgenannten Modellen erlaubt uns
eine Raum-Zeit Diskretisierung die Bewegung des Rotors in der Triangulierung des
Raum-Zeit Zylinders abzubilden. Numerische Beispiele zeigen eine korrekte Berech-
nung des magnetischen Feldes.
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1 Introduction

Many phenomena in engineering science and natural science are described in terms of
partial differential equations (PDEs). Prominent examples are Maxwell’s equations
to model electromagnetic phenomena, Stokes and Navier-Stokes equations to model
fluid problems, the heat equation to model heat transfer problems or the equations
of elasticity to model structural mechanical problems, just to mention a few. For the
numerical solution of PDEs different numerical schemes like e.g., finite volume [86],
finite difference [86], boundary elements [156] or finite elements [45] are used. We
focus in this thesis on the latter approach. The finite element method (FEM) has been
established as the standard numerical method for the solution of PDEs describing
physical fields, see [102]. For an efficient and accurate numerical simulation adaptive
finite elements are of great interest. One reason for this is as mentioned in [170] that
the overall accuracy of the numerical solution deteriorates in the presence of local
singularities. A remedy for this problem is to refine the mesh around the singularity.
However, the question is how to detect the regions which have to be refined. Another
reason is that one is interested in reliable estimates for the accuracy of the computed
numerical solution since a priori error estimates only provide information about the
asymptotic behaviour of the error [170]. The tool to address both issues are local
error indicators which can be determined a posteriori from the numerical solution
and the given data. In general the local error indicators are used in an adaptive
algorithm which has the form, cf. [37],

SOLVE! ESTIMATE! MARK! REFINE: (1.1)

In more detail this means that first the PDE is solved, and then a local error indicator
is used to estimate the error. Well-known error estimators are e.g. residual based
error estimators [11], hierachical based error estimators [14], estimators based on the
gradient recovery technique [181] or goal oriented error estimators [13], just to name
a few. Afterwards the elements are selected according to some marking strategy.
Possible strategies are e.g. the Dörfler marking strategy [58] or a bulk criterion like
the maximum marking strategy, see [73, 129]. The marked elements are then refined
via e.g. a bisection algorithm [9, 121, 163, 167] or red-green-blue refinement [34, 73].
In literature this is also referred to as h-adaptivity, since it locally decreases the mesh
size h, cf. [146]. For more information about adaptive finite element methods we
refer the interested reader to the textbooks [4, 13, 139, 171]. A natural question
which arises is whether the numerical solutions computed from the adaptive scheme
in (1.1) converge to the true solution. We refer to the work [37] which describes
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2 1 Introduction

an axiomatic framework to prove optimal rates for adaptive finite element methods
which builds upon the earlier works [20, 58, 128, 162] as mentioned in [146].

Least-squares methods

In this thesis we focus on least-squares or minimal residual finite element methods
[21]. These kinds of methods obtain an inbuilt error estimator. The idea behind these
methods is to exploit the connection of finite element methods and energy minimiza-
tion principles, cf. [21]. For elliptic problems this connection is given e.g. in terms
of the Rayleigh-Ritz principle, where one seeks for a minimizer to an unconstrained
quadratic convex functional. The functional describes the energy and is given via the
variational formulation. In order to generalize this idea to arbitrary PDEs one con-
siders an artificial energy, namely the energy induced by the residual of the PDE, cf.
[21]. To put this in a more mathematical context, we consider Hilbert spaces X; Y ,
a given right-hand side f 2 Y � in the dual of Y and a linear operator B : X ! Y �,
which is assumed to be an isomorphism and given in terms of the partial differential
equation. The standard finite element method is based on an operator equation,
where one seeks for u 2 X such that

Bu = f in Y �: (1.2)

In a least-squares method one considers the equivalent minimization problem

u = arg min
w2X

1

2
kBw � fk2

Y � : (1.3)

The least-squares method seems at first glance challenging as the residual is measured
in a dual norm and hence cannot be computed locally to define an error estimator.
Furthermore, it is mentionend in [21] that a least-squares finite element method
obtained from (1.3) should also be practical. This means that the finite element
spaces used in a discretization scheme for (1.3) should not be more difficult to work
with than those normally encountered in typical Galerkin or mixed Galerkin methods
for (1.2). Also, the finite element matrices and the right-hand side in the least-squares
method should be easily computable. Therefore, one common approach is to rewrite
the differential operator B : X ! Y � by a first order system operator B : U ! V ,
where V is a space with L2-regularity. This is usually referred to as first order system
least-squares (FOSLS) methods, see e.g. [32]. This method has been extensively
studied, see e.g., the textbook [21] for an overview of basic results on least-squares
finite element methods or the works [2, 17] which deal with adaptivity in the context
of FOSLS and the references given therein. FOSLS methods for parabolic equations
are considered in e.g. [72, 81, 119, 120]. A subclass of the FOSLS familiy are so-
called constrained first order system least-squares methods (CFOSLS). We mention
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the works [3, 132, 147, 172]. However, the reformulation of the PDE as a first order
system comes with the fact that one has to assume that the right-hand side f has
L2-regularity. This may be in practical applications not the space of interest and is to
some extent unnatural as right-hand sides of partial differential equations are usually
considered in Sobolev spaces with negative order, cf. [106]. Although there are some
workarounds, see [70, 71], where a FOSLS method with a load in a Sobolev space
with negative order is analyzed by replacing the source term with its finite element
approximation, we will for the mentioned reasons consider in this thesis a different
approach. We prefer to stay in the norm induced by the operator B. In order to get
a practical method we use the Riesz operator A : Y ! Y � to lift the abstract norm in
Y � to a norm in Y , which can be evaluated locally on each finite element. This setting
allows us to derive a unified framework, which can be applied to various PDEs. This
approach has been studied in e.g. [6, 164] in the context of parabolic equations, [46]
in connection with convection-diffusion equations, [28, 36, 54, 51, 52, 53] in case of
Discontinuous Petrov Galerkin (DPG) methods or [47, 127], just to name a few.

Space-time methods

Of particular interest in this thesis are space-time discretization schemes which are
used for the numerical solution of time-dependent partial differential equations. As
mentioned in e.g. [118, 146, 175], the standard procedures for the numerical solu-
tion of time-dependent problems are the vertical method of lines and the horizontal
method of lines or Rothe’s method, see [142, 166]. In the vertical method of lines one
first discretizes with respect to the spatial variables with e.g. a finite element method.
The semidiscretization in space leads to a system of ordinary differential equations
which can be solved via some time stepping scheme, see [87, 88] for an overview about
time-stepping schemes. In Rothe’s method one performs the two semidiscretizations
steps the other way round. This means first one performs a discretization with respect
to time with some time stepping scheme. The resulting boundary value problems are
then discretized e.g. by means of a finite element method. The fast solution of such
semidiscretization schemes lead to the so called parallel-in-time methods. A good
overview over the history of such methods is given by Gander, see [74].

We will focus on space-time methods where time is treated just like an additional
spatial variable. This approach has gained a lot of interest recently and an overview
about recent advances is given in [161, 113]. A classification of space-time methods
can also be found in [146, 175]. A full space-time method has the advantage that it
allows for adaptivity with respect to space and time simultaneously, see e.g., [159, 160]
for a space-time method in the sense of [157], [72] in case of a FOSLS method or [110]
for a space-time finite element method based on upwind stabilization. Moreover, the
handling of moving domains, where the movement is a priori known, is easier as
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a moving spatial d-dimensional domain viewed in the d + 1-dimensional space-time
cylinder is just a picture, i.e., it can be meshed using standard tools. This fact is
exploited in [77, 78, 83] in case of a rotating electric motor. In addition to that
it is more flexible with respect to parallelization in space and time as it overcomes
the sequential behaviour of the standard semidiscretizations schemes. Also in the
context of optimal control problems constrained by time-dependent PDEs full space-
time discretizations are of interest as they allow for a simultaneous solution of the
forward and backward problem at once, see e.g., [16, 111, 112] for a related approach.
This is in contrast to time stepping schemes which require to first step forward in
time and then step backward in time, see also [118]. The treatment of a time-
dependent PDE on a d + 1-dimensional domain comes with the fact that a global
linear system must be solved at once, which also increases the memory demand, see
also [146, 175]. Therefore, fast solvers and preconditioning are essential which are
not within the scope of thesis, see e.g., [75, 114] for related approaches in case of
space-time tensor-product meshes.

Objective and outline of the thesis

The objective of this thesis is to combine the least-squares/minimal residual method
with a fully unstructured space-time discretization scheme in the spirit of [157]. More-
over, a second objective is to apply the minimal residual method for the simulation
of electric machines based on the Maxwell system. Here we will consider the mag-
netostatic approximation, i.e., a time-independent problem, as well as a quasistatic
approximation and the eddy current problem, i.e., time-dependent problems. In the
latter two models, a space-time discretization enables us to consider the movement
of the rotor within the mesh. In order to account for the different PDEs, we will
present an abstract unified least-squares approach based on [106]. This framework
can be applied to various linear and nonlinear PDEs.

The remainder of this thesis is organized as follows: In Chapter 2 we introduce the
required function spaces, repeat basic functional analytic results on the solvability of
abstract operator equations and recall basic notions on finite element discretizations.
In Chapter 3 we present an abstract least-squares framework for linear problems
including a full stability and error analysis. Furthermore, we show that the inbuilt
error estimator is efficient and reliable. We also discuss an extension to nonlinear
problems. In Chapter 4 we apply the abstract theory to the heat equation, to a
convection-diffusion equation and to a semilinear parabolic equation, which has the
form of the Schlögl model, see e.g., [39, 151]. For the heat equation we also present
a comparison to the FOSLS method introduced by Führer and Karkulik in [72].
Finally, in Chapter 5 we demonstrate the application of the least-squares method for
the simulation of an electric machine.



2 Preliminaries

In this chapter we introduce the required function spaces and recall some well-known
results on the existence and uniqueness of solutions of variational formulations, which
we will use throughout this thesis.

Throughout the whole thesis we consider 
 � Rd, d = 1; 2; 3 to be a domain (open,
connected, non-empty), which is bounded and its boundary � := @
 is Lipschitz, see
[156, Def. 2.1]. Further, let T > 0 be a given final time horizon. The corresponding
space-time cylinder is then denoted by Q := 
 � (0; T ) with the boundaries � :=
@
� (0; T ), �0 := 
� f0g and �T := 
� (0; T ) such that @Q = � [ �0 [ �T .

2.1 Function spaces

We give a brief introduction to the function spaces used in this thesis. For a more
detailed presentation we refer to classical textbooks like e.g., [1, 24, 66, 123, 180]. A
good source for spaces used in variational formulations for space-time methods is the
thesis [175] and the references given therein.

2.1.1 Sobolev spaces

Let d 2 N := f1; 2; 3 : : : g. We call a vector � 2 Nd
0 with components �i 2 N0 :=

f0; 1; 2; 3; : : : g multi index. The length j�j and the factorial �! are given as

j�j :=
dX
i=1

�i; �! := �1!�2!:::�d!:

For x 2 
 we write
x� := x�1

1 x
�2
2 :::x

�d
d

and for a smooth function u : 
! R the notation D�u means

D�u(x) :=
@j�j

@x�1
1 @x

�2
2 :::@x

�d
d

u(x):

For k 2 N0 the space of k times continuously differentiable functions reads

Ck(
) = fu : 
! R : D�u 2 C(
); for all j�j � kg;

5



6 2 Preliminaries

and the corresponding norm is

kukCk(
) :=
X
j�j�k

sup
x2

jD�u(x)j:

Note that for k = 0, C(
) := C0(
) corresponds to the space of continuous functions.
The space of inifinitely often differentiable functions is given by

C1(
) :=
\
k�0

Ck(
):

For a function u : 
! R the support is defined as

suppu := fx 2 
 : u(x) 6= 0g

and the space of infinitely often differentiable functions with compact support reads

C10 (
) := fu 2 C1(
) : suppu b 
g:

For 1 � p <1 we define the space of p-integrable functions as

Lp(
) :=

�
u : 
! R measurable :

Z



ju(x)jpdx <1
�

and for p =1 we have

L1(
) :=

�
u : 
! R measurable : ess sup

x2

ju(x)j <1

�
:

We call the factor space

Lp(
) := Lp(
)= �; u � v :, u = v almost everywhere (a.e.)

Lebesgue space of p-integrable functions. Equipped with the norms

kukLp(
) :=

�Z



ju(x)jpdx
� 1

p

; 1 � p <1;

kukL1(
) := ess sup
x2


ju(x)j

it can be shown, see e.g. [1, Thm. 2.16], [24, Thm. 1.1.8], that these spaces are
Banach spaces. For p = 2 one can even show that the space L2(
) is a Hilbert space
with respect to the inner product

hu; viL2(
) :=

Z



u(x)v(x) dx

for u; v 2 L2(
), see [1, Cor. 2.18]. Further we denote with Lploc(
) the Lebesgue
space of functions, which are p-integrable on each compact set K � 
, i.e.,

Lploc(
) = fu : 
! R measurable : u 2 Lp(K) 8K � 
 compactg :

For the introduction of Sobolev spaces we need the concept of a weak derivative.
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Definition 2.1 (cf. [1, 1.62, p.21], [24, Def. 1.2.4], [156, Def. 2.3]). Let u 2 L1
loc(
)

and � 2 Nd
0 be a multi index. We say that u admits a weak derivative of order � if

there exists a function v 2 L1
loc(
) satisfyingZ




v(x)’(x) dx = (�1)j�j
Z




u(x)D�’(x) dx for all ’ 2 C10 (
):

If such a function v exists, we write D�u := v.

Now, we can for p � 1 and k 2 N0 define the Sobolev spaces

W k;p(
) := fu 2 Lp(
) : D�u 2 Lp(
); j�j � kg ;

W k;p
0 (
) := C10 (
)

k�k
Wk;p(
)

(2.1)

with the corresponding norms

kukWk;p(
) :=

0@X
j�j�k

kD�ukpLp(
)

1A 1
p

for 1 � p <1;

kukWk;1(
) := max
0�j�j�k

kD�ukL1(
);

and the seminorms

jujWk;p(
) :=

0@X
j�j=k

kD�ukpLp(
)

1A 1
p

for 1 � p <1;

jujWk;1(
) := max
j�j=k
kD�ukL1(
):

It holds that (W k;p(
); k � kWk;p(
)) is a Banach space, see [24, Thm. 1.3.2], [1, Thm.
3.3] and that C1(
)\W k;p(
) is dense in W k;p(
), see [24, Thm. 1.3.4] which goes
back to Meyers and Serin [126]. Note that we have the inclusion [1, p. 60]

W k;p
0 (
) � W k;p(
) � Lp(
):

Moreover, we have by [1, Thm. 3.6] that W k;p(
) is separable if 1 � p < 1, and
uniformly convex as well as reflexive if 1 < p <1. For p = 2 we use the notation

Hk(
) := W k;2(
); Hk
0 (
) := W k;2

0 (
)

which are separable Hilbert spaces with inner product

hu; viHk(
) :=
X

0�j�j�k

hD�u;D�viL2(
) (2.2)
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for u; v 2 Hk(
). The definition of the Sobolev spaces (2.1) can be extended to
0 < s 2 R. For this we write s = k + �, where k 2 N0 and � 2 (0; 1). Then we can
define the spaces

W s;p(
) :=
�
u 2 W k;p(
) : jujW s;p <1

	
;

W s;p
0 (
) := C10 (
)

k�kWs;p(
)
(2.3)

with the corresponding norm

kukW s;p =
�
kukp

Wk;p + jujpW s;p(
)

� 1
p
;

where
jujpW s;p(
) :=

X
j�j=k

Z



Z



jD�u(x)�D�u(y)jp

jx� yjd+p�
dxdy

denotes the Sobolev-Slobodeckii seminorm, see [123, p.74]. Again we use for p = 2
the notation

Hs(
) := W s;2(
); Hs
0(
) := W s;2

0 (
);

which are Hilbert spaces with the inner product (2.2) for s = k 2 N0 and

hu; viHs(
) := hu; viHk(
) +
X
j�j=k

Z



Z



(D�u(x)�D�u(y))(D�v(x)�D�v(y))

jx� yjd+2�
dxdy

for s = k + � with k 2 N0 and � 2 (0; 1). For s > 0 we define, see e.g. [64, Def.
B47], the space H�s(
) as dual space of Hs

0(
) equipped with the norm

kfkH�s(
) := sup
06=v2Hs

0(
)

hf; vi

kvkHs(
)

;

where h�; �i
 denotes the duality paring as the extension of the L2-inner product. Of
special interest in our analysis will be the space H1

0 (
). In this space there holds due
to the assumptions on the domain 
 the Poincaré inequality, see [64, Lem. B.61],
i.e., there exists a constant cp > 0 such that

kukL2(
) � cpkruk[L2(
)]d for all u 2 H1
0 (
): (2.4)

As a consequence we have that

kukH1
0 (
) := kruk[L2(
)]d =

sX
j�j=1

kD�uk2
L2(
)

defines an equivalent norm on H1
0 (
), which we will frequently use. Note that instead

of the vector valued space [L2(
)]
d we will for better readability simply write L2(
)

in the following as it is clear from the context that it has to be understood as a vector
valued space. Further we have the inclusion, see e.g. [66, Sec. 5.9.1, p. 299]

H1
0 (
) � L2(
) � H�1(
):
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2.1.2 Bochner spaces

For the analysis of the differential operators given by parabolic evolution equations
we use the concept of Bochner Sobolev spaces. Here a function u : Q! R; (x; t) 7!
u(x; t) is considered as a function of t with values in a Banach space X, i.e., t 7!
u(t; �) 2 X. For the definition of these spaces we proceed similar as in Section 2.1.1.

Let (X; k � kX) be a Banach space. For p 2 [1;1) we define the space of p-integrable
vector valued functions as

Lp(0; T ;X) :=

�
u : (0; T )! X measurable :

Z T

0

ku(t)kpX dt <1
�

and for p =1

L1(0; T ;X) :=

(
u : (0; T )! X measurable : ess sup

t2(0;T )

ku(t)kX <1

)
:

We call the factor space

Lp(0; T ;X) := Lp(0; T ;X)= �; u � v :, u = v a.e.

Bochner space of p-integrable functions. If we equip these spaces with the norms

kukLp(0;T ;X) :=

�Z T

0

ku(t)kpX dt

� 1
p

; 1 � p <1;

kukL1(0;T ;X) := ess sup
t2(0;T )

ku(t)kX

one can show that they are Banach spaces, see [176, Prop. 23.2, Problem 23.12],
[143, Satz 1.24]. For a reflexive Banach space X, 1 � p < 1 and q > 0 such that
1
p

+ 1
q

= 1, the mapping

R : Lq(0; T ;X�)! (Lp(0; T ;X))�

hRu; vi :=

Z T

0

hu(t); v(t)iX��X dt for all v 2 Lp(0; T ;X)

is an isometric isomorphism, see e.g. [143, Satz 1.30]. Hence, we can identify the
dual (Lp(0; T ;X))� with Lq(0; T ;X�). Moreover, there holds, see [143, Bsp. 1.26]

Lp(Q) = Lp(0; T ;Lp(
)):

We denote with Lploc(0; T ;X) the Bochner space of functions, which are p-integrable
on each compact set K � (0; T ). Similar as for the classical Sobolev spaces we need
the concept of a weak derivative to define the Bochner Sobolev spaces.
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Definition 2.2 (cf. [66, Sec. 5.9.2, p. 301], [48, Def. 4.17]). Let (X; k � k) be a
Banach space and u 2 L1

loc(0; T ;X). We say the function u obtains a weak derivative
of order j if there exists a function v 2 L1

loc(0; T ;X) such thatZ T

0

v(t)’(t) dt = (�1)j
Z T

0

u(t)@jt’(t) for all ’ 2 C10 (0; T ):

If such a function v exists we write @jtu := v.

Now, we can define the Bochner Sobolev spaces

W k;p(0; T ;X) :=
�
u 2 Lp(0; T ;X) : @jtu 2 Lp(0; T ;X) for 0 � j � k

	
:

For our analysis it is sufficient to consider the space W 1;p(0; T ;X). One can show
that this space is a Banach space for p � 1 with respect to the norm

kukW 1;p(0;T ;X) :=
�
kukpLp(0;T ;X) + k@tukpLp(0;T ;X)

� 1
p
;

cf. [8, p. 3], [48, Thm. 5.2], [66, Sec. 5.9.2, p. 203]. For p = 2 we use the notation

Hk(0; T ;X) := W k;2(0; T ;X):

For 1 � p � 1 we have that W 1;p(0; T ;X) is continuously embedded into the space
C([0; T ] ;X), i.e., W 1;p(0; T ;X) � C([0; T ] ;X) and there exists a constant C > 0
such that

kukC([0;T ];X) � CkukW 1;p(0;T ;X);

see [66, Sec. 5.9.2, Thm.2]. Here C([0; T ] ;X) denotes the space of continuous func-
tions on the intervall [0; T ] with values in the Banach space X which is equipped
with the norm

kukC([0;T ];X) := max
t2[0;T ]

ku(t)kX :

This result ensures that initial condtions u(0) and terminal conditions u(T ) are well-
defined. We use the notations

W 1;p
0; (0; T ;X) :=

�
u 2 W 1;p(0; T ;X) : u(0) = 0 in X

	
;

W 1;p
;0 (0; T ;X) :=

�
u 2 W 1;p(0; T ;X) : u(T ) = 0 in X

	
to indicate spaces with zero initial or terminal conditions, respectively. Of particular
interest in our analysis are the spaces

L2(0; T ;H1
0 (
)) and W (Q) := L2(0; T ;H1

0 (
)) \H1(0; T ;H�1(
)):
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The Bochner space L2(0; T ;H1
0 (
)) allows the characterization, see [154, p. 196, p.

204], [175, p. 23]

L2(0; T ;H1
0 (
)) =

�
u 2 L2(Q) : rxu 2 L2(Q); uj� = 0

	
: (2.5)

Moreover, it is a Hilbert space with respect to the inner product

hp; qiL2(0;T ;H1
0 (
)) :=

Z T

0

hp(t); q(t)iH1
0 (
)dt

=

Z T

0

Z



rxp(x; t) � rxq(x; t) dxdt = hrxp;rxqiL2(Q)

for all p; q 2 L2(0; T ;H1
0 (
)), see [175]. Note that the second to last equality is due

to (2.5). The dual space (L2(0; T ;H1
0 (
)))� is identified with L2(0; T ;H�1(
)) and

there holds due to (2.4) the Poincaré inequality

kukL2(Q) � cpkrxukL2(Q) for all u 2 L2(0; T ;H1
0 (
)): (2.6)

The space W (Q) in more detail reads

W (Q) =
�
u 2 L2(0; T ;H1

0 (
)) : @tu 2 L2(0; T ;H�1(
))
	
:

It is a Hilbert space with inner product, see [175], cf. [49, Chap. XVIII, §1, Prop.6]

hu; viW (Q) := hu; viL2(0;T ;H1
0 (
)) +

Z T

0

h@tu(t); @tv(t)iH�1(
) dt

and the corresponding norm reads

kukW (Q) =
�
krxuk2

L2(Q) + k@tuk2
L2(0;T ;H�1(
))

� 1
2
:

Further we have thatW (Q) is continuously embedded into the space C([0; T ] ;L2(
)),
see [66, Thm. 3, p. 303], [143, Lem. 2.44], which means that initial and terminal
conditions are well-defined and there holds the integration by parts formula [143,
Lem. 2.44]Z T

0

h@tu(t); v(t)iH�1(
)�H1
0 (
) dt

= hu(T ); v(T )iL2(
) � hu(0); v(0)iL2(
) �
Z T

0

hu(t); @tv(t)iH1
0 (
)�H�1(
) dt

Finally, by [66, Thm. 3, p.303] the mapping t 7! ku(t)k2
L2(
) is absolutely continuous

and for the derivative we obtain

d

dt
ku(t)k2

L2(
) = 2h@tu(t); u(t)iH�1(
)�H1
0 (
) for a.e. t 2 (0; T ):
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2.2 Variational methods

In this section we recall some well-known results on the solvability of abstract oper-
ator equations. We start with the Lemma of Lax-Milgam.

Lemma 2.3 (Lax-Milgram). Let V be a Hilbert space, let A : V ! V � be linear and
let f 2 V �. Further, assume A : V ! V � to be bounded and elliptic, i.e., there exist
constants cA1 ; cA2 > 0 such that

hAu; viV ��V � cA2 kukV kvkV ; hAu; uiV ��V � cA1 kuk2
V

for all u; v 2 V . Then, the variational problem:

Find u 2 V : hAu; viV ��V = hf; viV ��V 8v 2 V;

has a unique solution. For the unique solution u 2 V there holds the a priori estimate

kukV �
1

cA1
kfkV � :

Proof. A proof can be found in [64, Lemma 2.2].

An important property of elliptic operators is that they can be used to define equiv-
alent norms.

Lemma 2.4. Let (V; h:; :iV ) be a Hilbert space and A : V ! V � be a linear, bounded,
self-adjoint and elliptic operator. Then, for all u; v 2 V

hu; viA := hAu; viV ��V

defines an inner product on V and

kukA :=
q
hu; uiA =

q
hAu; uiV ��V

defines an equivalent norm to k:kV which satisfiesq
cA1 kukV � kukA �

q
cA2 kukV for all u 2 V:

Proof. A proof can be found in [118, Lem. 2.10].

The next theorem generalizes the Lemma of Lax-Milgram.
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Theorem 2.5 (Banach-Nečas-Babuška). Let X be a Banach space and Y be a
reflexive Banach space. Further, let f 2 Y � and B : X ! Y � be linear and bounded,
i.e., there exists a constant cB2 > 0 such that

kBukY � � cB2 kukX 8u 2 X:

The variational problem:

Find u 2 X : hBu; viY ��Y = hf; viY ��Y 8v 2 Y;

has a unique solution if and only if the conditions

BNB 1

9 cB1 > 0 : inf
06=u2X

sup
06=v2Y

hBu; viY ��Y
kukXkvkY

� cB1 ;

BNB 2
8v 2 Y; ( 8u 2 X; hBu; viY ��Y = 0 )) v = 0;

are fulfilled. Moreover, for the unique solution u 2 X there holds the a priori estimate

kukX �
1

cB1
kfkY � :

Proof. A proof can be found in [64, Theorem 2.6].

Remark 2.6. The condition (BNB 1) ensures that the operator B is bounded from
below, i.e., it is injective, and its range is closed, cf. [64, Lem. A.39, Cor. A.45]
and [134, p. 440]. The condition (BNB 2) gives surjectivity of B, i.e., ran(B) = Y �,
see [64, Cor. A.45, Cor. A.46]. A slightly generalized version of Thm. 2.5 can
be found e.g. in [134, Thm. 6.6.1]. There if and only if is replaced by if and the
condition (BNB 2) is exchanged by the assumption that f 2 ran(B). This means that
f 2 ker(B�)? due to the Closed Range Theorem, see e.g. [134, Thm. 5.17.3]. Hence,
this leads to a compatibility condition on f which reads

hf; qiH = 0 for all q 2 ker(B�):

The next theorem gives an existence and uniqueness result for the solution of abstract
saddle point systems.

Theorem 2.7 ([64, cf. Thm. 2.34]). Let X; Y be two reflexive Banach spaces
and f 2 Y �, g 2 X� be two given right-hand sides. Further, let A : Y ! Y �,
B : X ! Y � be linear and bounded operators. The saddle point system which seeks
for (u; p) 2 X � Y such that

hAp; qiY ��Y + hBu; qiY ��Y = hf; qiY ��Y for all q 2 Y;
hB�p; viX��X = hg; viX��X for all v 2 X

(2.7)

has a unique solution if and only if the conditions
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(i)

9 cA1 > 0 : inf
06=p2ker(B�)

sup
06=q2ker(B�)

hAp; qiY ��Y
kpkY kqkY

� cA1 ;

(ii)
8q 2 ker(B�); (8p 2 ker(B�); hAp; qiY ��Y = 0)) q = 0;

(iii)

9cB1 > 0 : inf
06=u2X

sup
06=q2Y

hBu; qiY ��Y
kukXkqkY

� cB1

hold true. Moreover, for the unique solution (u; p) 2 X � Y there hold the a priori
estimates

kpkY �
1

cA1
kfkY � +

1

cB1

�
1 +

cA2
cA1

�
kgkX� ;

kukX �
1

cB1

�
1 +

cA2
cA1

�
kfkY � +

cB2
[cB1 ]2

�
1 +

cA2
cA1

�
kgkX� :

Remark 2.8. The conditions (i) and (ii) in Theorem 2.7 ensure that the operator
A is an isomorphism on ker(B�). The condition (iii) on B ensures that the adjoint
operator B� is surjective, see [64, Lemma A.39, Theorem A.56]. If the operator
A : Y ! Y � is Y-elliptic conditions (i) and (ii) are clearly fulfilled, see also [64,
Rem. 2.35]

The next theorem is on the solvability of abstract evolution equations. For this, we
first need the definition of an evolution triple which is also known as Gelfand triple.

Definition 2.9 ([176, Def. 23.11]). The triple (V;H; V �) is called an evolution triple
if

(i) (V; k � kV ) is a real separable and reflexive Banach space,

(ii) (H; (�; �)H) is a real separable Hilbert space,

(iii) the embedding V ,! H is dense and continuous, i.e., V � H, V k:kH = H and
there exists a c > 0 such that kxkH � ckxkV for all x 2 V .

An example for such a triple is given by means of the spaces (H1
0 (
); L2(
); H�1(
)),

see e.g. [176, Def. 23.11] or [143, p. 89]. Now, we are in a position to state the
following Theorem.
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Theorem 2.10. Let the triple (V;H; V �) be an evolution triple and the operator A :
L2(0; T ;V )! L2(0; T ;V �) be linear. Further, assume that A is bounded and elliptic,
i.e., there exist constants cA1 ; cA2 > 0 such that

jhAu; vij � cA2 kukL2(0;T ;V )kvkL2(0;T ;V );

hAu; ui � cA1 kuk2
L2(0;T ;V )

for all u; v 2 L2(0; T ;V ), where h:; :i denotes the duality pairing. Suppose furthermore
that F 2 L2(0; T ;V �) and u0 2 H. Then, the initial value problem

@tu+ Au = F in L2(0; T ;V �); u(0) = u0;

has a unique solution u 2 L2(0; T ;V ) with weak derivative @tu 2 L2(0; T ;V �).

Proof. A proof can be found for instance in [64, Theorem 6.6] or [176, Theorem 23A,
Corollary 23.24].

We will also deal with nonlinear operator equations. In order to investigate such
equations we state the following result which goes back to Zarantonello [177, pp.
503], [178, pp. 174].

Theorem 2.11 ([177, Thm. 25B]). Let (V; (�; �)V ) be a real Hilbert space, f 2 V �
and B : V ! V � a nonlinear operator which is strongly monotone and Lipschitz
continuous, i.e., there are numbers cB1 > 0 and cB2 > 0 such that for all u; v 2 V

hB(u)�B(v); u� viV ��V � cB1 ku� vk2
V

and
kB(u)�B(v)kV � � cB2 ku� vkV :

Then the nonlinear operator equation

B(u) = f in V �

has a unique solution, which depends continuously on f . More precisely, it follows
from B(uj) = fj, j = 1; 2 that

ku1 � u2kV �
1

cB1
kf1 � f2kV �

and the inverse operator B�1 : V � ! V is Lipschitz continuous with constant 1
cB1
.
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2.3 Discretization

In order to solve the operator equations and the related variational formulations
numerically we use the finite element method (FEM). The idea of the finite element
method is to consider conforming finite dimensional subspaces of the trial and test
spaces which can be spanned in terms of basis functions with local support. The
aim of this section is to recall some basic notions of finite element discretizations,
introduce the finite element spaces and state some approximation properties of these
spaces which we will use throughout the thesis. For a more detailed presentation we
refer to [15, 24, 45, 60, 156]. In order to cover discretizations for a spatial bounded
Lipschitz domain 
 � Rd with d = 1; 2; 3 as well as for a space-time cylinder Q =

 � (0; T ) � Rd+1 we consider a domain D � Rn for n = 1; 2; 3; 4. In addition to
that we consider domains D whose boundary is polygonal for n = 2, or polyhedral
for n = 3 or polychoral for n = 4.

We start with the definition of an n-dimensional simplex � � Rn.

Definition 2.12 ([60, cf. Def. 3.11]). Let the points z1; :::; zn+1 2 Rn be given such
that the vectors (zj � z1)n+1

j=2 are linearly independent. The interior of the convex hull
� = (convfz1; :::; zn+1g)� is called a (non-degenerate) n-dimensional simplex in Rn.
The corner points z1; :::; zn are called nodes or vertices of � . For r 2 f0; :::; n�1g and
~z1; :::; ~zr+1 2 fz1; :::; zn+1g such that the vectors (~zj � ~z1)r+1

j=2 are linearly independent
we call ~� = (convf~z1; :::; ~zr+1g)� r-dimensional face of � .

The n-dimensional simplex � � Rn is an interval for n = 1, a triangle for n = 2,
a tetrahedron for n = 3 or a pentatope [130] for n = 4. We call a decomposition
Th := f�1; :::; �Ng of the domain D � Rn into nonoverlapping simplicial elements
�‘ � Rn a triangulation or mesh, i.e.,

D =
N[
‘=1

� ‘ and �‘ \ �k = ; for k 6= ‘:

Further we call a triangulation admissible if for two simplicial elements �k; �‘ 2 Th
with k 6= ‘ we have either

� k \ � ‘ = ; or � ‘ \ � k = S;

where S is an n � j-dimensional face of �k and �‘ with j = 1; :::; n. This means in
an admissible triangulation two neighboring simplicial elements join either a node
(n = 1; 2; 3; 4), an edge (n = 2; 3; 4), a triangle (n = 3; 4) or a tetrahedron (n = 4),
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i.e., we avoid hanging nodes, see e.g. [156]. We use fM to denote the number of
vertices fxigfM

i=1 of a triangulation. For an element � 2 Th we denote with

h� := j� j
1
n =

�Z
�

dx

� 1
n

the local mesh size. The global maximal and minimal mesh sizes are given as

h := hmax;Th := max
�2Th

h� and hmin;Th := min
�2Th

h� :

In addition to that we define the diameter of an element � 2 Th as

d� := sup
x;y2�
jx� yj;

which coincides with the longest edge of the element and

r� := sup
x2�
fr > 0 : Br(x) � �g

which is the radius of the largest ball that can be inscribed in � . We say that a
family of admissible triangulations (Th)h2I is shape regular, see [156], if there exists
a constant cF > 0 independent of Th such that

d� � cF r� for all � 2 Th and h 2 I:

We say that a family of admissible triangulations (Th)h2I is globally quasi-uniform if
there exists a constant cG > 1 independent of h such that

hmax;Th
hmin;Th

� cG for all h 2 I:

Moreover, (Th)h2I is locally quasi-uniform if there exists a constant cL > 0 indepen-
dent of h such that

h�‘
h�j
� cL;

for all neighboring elements � ‘ \ � j 6= ; in Th and for all h 2 I. Now, we are in a
position to define the finite element spaces which we use throughout the thesis. For
this let Th be an admissible triangulation of D. The space of globally continuous and
piecewise polynomial functions of order k is defined as

Skh(Th) :=
�
vh 2 C(D) : vhj� 2 Pk(�) for all � 2 Th

	
; (2.8)

where Pk(�) denotes the set of all polynomials up to order k, i.e.,

Pk(�) :=

8<:p : � ! R : p(x) =
X

�2Nn0 ; j�j�k

c�x
�; c� 2 R

9=; :
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Sometimes we will also use the notation Skh(D) for the space defined in (2.8). Of
particular interest in our considerations is the space S1

h(Th) of piecewise linear finite
elements. This space allows the representation

S1
h(Th) = spanf’ig

fM
i=1 � H1(D);

where ’i are the usual nodal basis functions satisfying ’i(xk) = �ik. Note that the
dimension of this space is equal to the number of vertices of the triangulation Th.
For n = 1; 2; 3 one can show the following approximation property.

Theorem 2.13 ([156, Thm. 9.10]). Let u 2 Hs(Th) with s 2 [�; 2] and � = 0; 1.
Then there holds the approximation property

inf
vh2S1

h(Th)
ku� vhkH�(Th) � chs��jujHs(Th): (2.9)

Remark 2.14. The approximation property (2.9) is also valid for n = 4, see e.g.
[118, Thm. 2.35]. However, for the proof one needs to construct a quasi-interpolation
operator since the nodal interpolation operator is not a well-defined operator for func-
tions in H2(D) with D � R4.



3 Least-squares/minimal residual method

In this chapter we aim to derive a least-squares method for the solution of an abstract
operator equation Bu = f . In particular, we consider the Hilbert spaces X, Y , a
given right-hand side f 2 Y � and an abstract operator B : X ! Y � which in practical
applications is given in terms of a partial differential operator. Then, we seek for
u 2 X which solves

Bu = f in Y �: (3.1)

The usual way to treat (3.1) is to consider some conforming, finite dimensional sub-
spaces XH � X and Yh � Y and to solve the Galerkin-Petrov variational formula-
tion

hBuH ; qhiH = hf; qhiH for all qh 2 Yh; (3.2)

where h:; :iH denotes the dual paring. Existence and uniqueness of (3.2) is based on a
discrete inf-sup condition as well as dim(XH) = dim(Yh), see Theorem 2.5. However,
the choice dim(XH) = dim(Yh) is in certain applications too restrictive. Therefore,
we are interested in an alternative solution method which comes along without the
latter condition on the discrete spaces since this will enlarge the set of possible stable
pairs (XH ; Yh), cf. [118]. For this reason we consider a minimal residual method for
the solution of (3.1). This method looks for a minimizer u 2 X to the quadratic
functional

J (w) =
1

2
kBw � fk2

Y � : (3.3)

From (3.3) it can be seen that the residual is measured with respect to the natural
norm given by the mapping properties of B. However, in many applications the norm
on Y � is a norm in a Sobolev space with a negative exponent, and therefore one may
ask how to deal with this norm. We will address this question in Section 3.1, where
we will also derive the minimal residual method and show that its solution is on the
continuous level equivalent to the solution of the operator equation (3.1). Further,
we will discuss its discretization and show a priori error estimates. The fact that the
method is well-posed for dim(XH) 6= dim(Yh) enables us to show that this method
gives rise to an efficient and reliable a posteriori error indicator, which can be used
to drive an adaptive refinement scheme. Moreover, at several points we will highlight
the connection to a Petrov-Galerkin method with optimal test space [52], as this will
give us some fruitful insights on the choice of the test space Yh. In Section 3.2 we
will extend the approach to the solution of nonlinear operator equations. We will
discuss a formal derivation of the method as well as possible solution methods.

19
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For the presentation of the results in the linear case we will follow the lines in [106].
However, there are several papers which already deal with a similar approach, see
e.g., [46, 47, 127] in case of minimal residual methods, [6] in case of linear parabolic
evolution equations, [36, 52, 84, 85] for DPG methods. For a least-squares method in
the context of boundary element methods we refer the interested reader to [158] for
elliptic problems as well as to [93] for the wave equation in a space-time setting.

3.1 An abstract framework for linear problems

Throughout this section we let X � H � X� and Y � H � Y � be Gelfand triples
of Hilbert spaces, where X�, Y � denote the dual spaces of X and Y with respect to
H with the duality pairing hf; qiH for f 2 Y � and q 2 Y . Further, we consider an
operator A : Y ! Y � which we assume to be linear, bounded, self-adjoint and Y-
elliptic. With this it immediately follows by Lemma 2.4 that the operator A implies
a norm in Y . In what follows we will use the induced norm by the operator A, i.e.,

kqkY :=
q
hAq; qiH for all q 2 Y:

Moreover, in order to derive a least-squares method for the abstract operator equation
(3.1) we introduce some assumptions on the operator B : X ! Y �.

Assumption 3.1. We assume that the operator B fulfills the following conditions:

(i) B is linear and bounded, i.e., there exists a constant cB2 > 0 such that

kBvkY � � cB2 kvkX

for all v 2 X.

(ii) B satisfies an inf-sup condition, i.e., there exists a constant cB1 > 0 such that

sup
06=q2Y

hBv; qiH
kqkY

� cB1 kvkX (3.4)

for all v 2 X.

(iii) B is surjective.
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3.1.1 Solvability analysis

In view of the Assumptions 3.1 an application of Theorem 2.5 gives that B : X ! Y �

is an isomorphism and that the operator equation (3.1) obtains a unique solution
u 2 X. For the derivation of a minimal residual method we use the following repre-
sentation of the dual norm

kfkY � := sup
06=q2Y

hf; qiH
kqkY

: (3.5)

Lemma 3.2 ([106, Lem. 2.1]). For the dual norm (3.5) there holds

kfkY � =
q
hA�1f; fiH for all f 2 Y: (3.6)

Proof. Let f 2 Y � and consider pf 2 Y as the unique solution of the variational
problem

hApf ; qiH = hf; qiH 8q 2 Y:
This means pf = A�1f and using Lemma 2.3 it holds that kpfkY � kfkY � . Now, we
can estimate 


A�1f; f
�
H

= hpf ; fiH � kpfkY kfkY � � kfk
2
Y � :

On the other hand we have

kfkY � = sup
06=q2Y

hf; qiH
kqkY

= sup
06=q2Y

hApf ; qiH
kqkY

� kpfkY = kA�1fkY =
q
hf; A�1fiH :

Combining the estimates we get

kfkY � =
q
hA�1f; fiH = kpfkY :

Remark 3.3. In literature the operator A : Y ! Y � is called Riesz operator and
pf 2 Y is called Riesz representative of f 2 Y �. Further, the equality kfkY � =
kApfkY � = kpfkY = kA�1fkY tells us that the Riesz operator is an isometry which
is a well-known property of this operator, see e.g., [25, Thm. 5.5], [143, Satz 10.3].

Now, we are in a position to consider the quadratic functional (3.3). We first note
that due to Lemma 3.2 we can write

J (w) =
1

2
kBw � fkY � =

1

2



A�1(Bw � f); Bw � f

�
H

=
1

2



B�A�1Bw;w

�
H
�


B�A�1f; w

�
H

+
1

2



A�1f; f

�
H
:
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A necessary condition for a minimizer to the quadratic functional is that it needs to
satisfy the first-order optimality system, which in this case reads

0 = DJ (w)(v) =
d

dt
J (w + tv)

����
t=0

=


B�A�1(Bw � f); v

�
H

for all v 2 X. This means a candidate u 2 X for the minimizer of the quadratic
functional has to solve

Su := B�A�1Bu = B�A�1f in X�: (3.7)

In the following we will collect some properties of the operator S. This will help us
to state existence and uniqueness results to the solution of (3.7).

Lemma 3.4 ([106, Lem. 2.2]). The operator S := B�A�1B : X ! X� is bounded
and elliptic, i.e.,

kSukX� � cS2 kukX ; hSu; uiH � cS1 kuk2
X for all u 2 X;

where cS2 = [cB2 ]2, cS1 = [cB1 ]2.

Proof. Let u 2 X. Then, using that A�1 is an isometry, see Remark 3.3, and that B
is bounded we obtain

kSukX� = sup
06=v2X

hSu; viH
kvkX

= sup
06=v2X

hA�1Bu;BviH
kvkX

� sup
06=v2X

kA�1BukY kBvkY �
kvkX

= sup
06=v2X

kBukY �kBvkY �
kvkX

� [cB2 ]2kukX :

In order to prove that S : X ! X� is X-elliptic we define pu = A�1Bu 2 Y . With
this we get

hSu; uiH =


A�1Bu;Bu

�
H

= hpu; ApuiH = kpuk2
Y :

Moreover, using the inf-sup condition (3.4) of the operator B, we obtain

cB1 kukX � sup
0 6=q2Y

hBu; qiH
kqkY

= sup
06=q2Y

hApu; qiH
kqkY

� kpukY ;

i.e.,
hSu; uiH = kpuk2

Y � [cB1 ]2kuk2
X :

Remark 3.5. Since the operator S : X ! X� is elliptic it immediately follows from
Lemma 2.4 that

kvkS :=
q
hSv; viH =

q
hA�1Bv;BviH = kBvkY �

defines an equivalent norm on X satisfying

cB1 kvkX � kvkS � cB2 kvkX for all v 2 X:
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The properties of the operator S ensure that the first-order optimality system (3.7) is
uniquely solvable due to the Lemma of Lax-Milgram, see Lemma 2.3. Using [179, Sec.
2.2, Thm. 2.A] the solution u 2 X to (3.7) is indeed a minimizer to the quadratic
functional (3.3) since for the second directional derivative we have

D2J (u)(v) =
d2

dt2
J (u+ tv)

����
t=0

= hSv; viH > 0 8v 2 X n f0g; (3.8)

due to the ellipticity of S. The following theorem summarizes our findings so far and
draws the connection between solving the operator equation (3.1) and looking for a
minimizer to the quadratic functional (3.3).

Theorem 3.6. Let A : Y ! Y � be linear, bounded, self-adjoint and Y-elliptic. Let
B : X ! Y � be linear, bounded, satisfying an inf-sup condition and surjective.
Further, let f 2 Y � be a given right-hand side. Then, the following statements hold
true:

(i) The problem: Find u 2 X such that Bu = f in Y � has a unique solution.

(ii) The problem: J (w) = 1
2
kBw � fk2

Y � ! min! has a unique solution.

(iii) Statements (i) and (ii) are equivalent and obtain the same solution.

Proof. It remains to prove (iii). Let u 2 X be a solution to (i), i.e., Bu = f
in Y �. Then, u 2 X is also a solution to the first-order optimality system since
B�A�1(Bu� f) = 0 in X�. Moreover, the second order directional derivative (3.8) is
positive and hence u is minimizer, i.e., solves (ii). For the other direction we assume
u 2 X to be a solution to (ii). Then, u 2 X solves the first-order optimality system
B�A�1(Bu� f) = 0 in X�. Using that the operators A : Y ! Y � and B : X ! Y �

are isomorphisms due to the assumptions it has to hold Bu = f in Y �, i.e., u 2 X
solves (i).

Remark 3.7. Theorem 3.6 states that one can consider the equivalent minimization
problem for the solution of an operator equation. While the corresponding variational
formulation of the operator equation can be of Petrov-Galerkin type the resulting
operator S of the first-order optimality system will always be an elliptic operator,
i.e., the corresponding variational formulation will be of Galerkin-Bubnov type.

Remark 3.8. The first-order optimality system (3.7) is sometimes called the normal
equation, cf. [21, p. 52]. In our case this equation also involves the operator A�1.

In the following we will deal with the first-order optimality system (3.7) in more
detail. The Galerkin-Bubnov variational formulation is to find u 2 X such that

hSu; viH =


B�A�1f; v

�
H

(3.9)

is satisfied for all v 2 X.
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Remark 3.9. Note that (3.9) can also be viewed as a Petrov-Galerkin variational
formulation with optimal test space. Indeed, choosing Y opt := A�1B(X) the varia-
tional formulation (3.9) reads to find u 2 X sucht that

hBu; qiH = hf; qiH for all q 2 Y opt: (3.10)

This point of view is taken e.g. in [36, 52, 53, 84].

Since the operator S = B�A�1B involves the operator A�1 which in practical appli-
cations is hard to compute we introduce an additional variable p := A�1(f � Bu).
This is the Riesz representative of the residual. Now, (3.7) can be rewritten as a
mixed system, which reads to find (u; p) 2 X � Y such

Ap+Bu = f in Y �; B�p = 0 in X�: (3.11)

The related variational formulation is to find (u; p) 2 X � Y such that

hAp; qiH + hBu; qiH = hf; qiH ; hp;BviH = 0 (3.12)

for all (v; q) 2 X � Y . Note that by construction it holds that p � 0, since p 2
ker(B�) = ran(B)? = f0g.

3.1.2 Discretization

For the discretization of the mixed system (3.12) we consider conforming finite di-
mensional subspaces XH = spanf’igMX

i=1 � X and Yh = spanf jgMY
j=1 � Y . The

discrete variational formulation of (3.12) is then to find (uH ; ph) 2 XH � Yh such
that

hAph; qhiH + hBuH ; qhiH = hf; qhiH ; hph; BvhiH = 0; (3.13)

for all (vH ; qh) 2 XH � Yh. Using the Galerkin isomorphism uH $ u 2 RMX and
ph $ p 2 RMY the variational formulation (3.13) has an equivalent representation as
a linear system of algebraic equations which reads�

Ah Bh

B>h

��
p
u

�
=

�
f
0

�
; (3.14)

where, for i; j = 1; : : : ;MY and k = 1; : : : ;MX ,

Ah[j; i] = hA i;  jiH ; Bh[j; k] = hB’k;  jiH ; fj = hf;  jiH :

For the unique solvability of (3.13) and hence (3.14) we assume in the following the
discrete inf-sup condition

cSkvHkX � sup
06=qh2Yh

hBvH ; qhiH
kqhkY

for all vH 2 XH ; (3.15)
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with a constant cS > 0, see Theorem 2.7. In order to derive an error estimate we
consider the equivalent Schur complement system of (3.14). Using p = A�1

h (f�Bhu)
we obtain the discrete Schur complement system

Shu := B>h A
�1
h Bhu = B>h A

�1
h f: (3.16)

In the following we collect some properties of the Schur complement matrix Sh.

Lemma 3.10. Assume the discrete inf-sup stability condition (3.15) to be satisfied.
Then the Schur complement matrix Sh = B>h A

�1
h Bh is positive definite and there hold

the norm equivalence inequalities

[cS]2 kvHk2
X � (Shv; v) � [cB2 ]2kvHk2

X (3.17)

for all v 2 RMX $ vH 2 XH .

Proof. For vH 2 XH $ v 2 RMX we introduce p
v

:= A�1
h Bhv 2 RMY $ pvHh 2 Yh,

which solves
hApvHh; qhiH = hBvH ; qhiH for all qh 2 Yh:

Thus, we obtain

(Shv; v) = (A�1
h Bhv;Bhv) = (p

v
; Bhv) = (Ahpv; pv) = kpvHhk2

Y

The discrete inf-sup stability condition (3.15) implies

cSkvHkX � sup
06=qh2Yh

hBvH ; qhiH
kqhkY

= sup
0 6=qh2Yh

hApvHh; qhiH
kqhkY

� kpvHhkY ;

and hence,
c2
SkvHk2

X � kpvHhk2
Y = (Shv; v):

For the upper estimate we note that

kpvHhkY � cB2 kvHkX ;

and therefore the inequality

(Shv; v) = kpvHhk2
Y � [cB2 ]2kvHk2

X

follows.

Now, we are in a position to prove the following best approximation result, see also
[6, Thm. 2.1].
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Lemma 3.11. Assume the discrete inf-sup stability condition (3.15). Then, the Schur
complement system (3.16) admits a unique solution u 2 RMX $ uH 2 XH with the
a priori estimate

kuHkX �
1

cS
kfkY � : (3.18)

Moreover, the error estimate

ku� uHkX �
cB2
cS

inf
vH2XH

ku� vHkX ; (3.19)

holds true, where u 2 X solves (3.9).

Proof. The unique solvability of (3.16) follows since the matrix Sh is positive definite,
see Lemma 3.10. For the a priori estimate we consider

(Shu; u) = (B>h A
�1
h f; u) = (A�1

h f;Bhu) � kfkA�1
h
kBhukA�1

h
:

If we use
kBhuk2

A�1
h

= (A�1
h Bhu;Bhu) = (Shu; u);

we obtain the estimate

(Shu; u) � kfk2
A�1
h

= (A�1
h f; f) = (Ahpf ; pf ) = hApfh; pfhiH ;

where p
f
2 RMY $ pfh 2 Yh solves

hApfh; qhiH = hf; qhiH for all qh 2 Yh:

Since kpfhkY � kfkY � and using (3.17) we finally obtain the estimate

c2
SkuHk2

X � (Shu; u) � kfk2
Y � ;

which gives the a priori estimate. In order to prove the best approximation result
we define the Galerkin projection GH : X ! XH , u 7! uH = GHu which maps an
arbitrary element u 2 X via f = Bu 2 Y � to a solution uH 2 XH $ u 2 RMX

of (3.16). The mapping GH is linear due to the linearity of the involved operators.
Furthermore, an application of the a priori estimate (3.18) and the fact that Bu = f
gives

kGHukX = kuHkX �
1

cS
kfkY � =

1

cS
kBukY � �

cB2
cS
kukX ;

i.e., GH is bounded. In addition to that GH is indeed a projection. To see this we
consider wH := GHuH . By defintion of the mapping GH it holds that wH 2 XH $
w 2 RMX solves (3.16) for the right-hand side f = BuH $ f = Bhu 2 RMY , i.e.,

Shw = B>h A
�1
h f = B>h A

�1
h Bhu = Shu:
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Now, using that the Schur complement matrix is invertible we obtain w = u, which
gives GHuH = uH and hence

G2
Hu = GH(GHu) = GHuH = uH ;

i.e., GH is a projection. Finally, using GHvH = vH , kI �GHkX!X = kGHkX!X , see
[173, Lem. 5] and the boundedness of GH we obtain the estimate

ku� uHkX = k(I �GH)ukX = k(I �GH)(u� vH)kX
� kI �GHkX!Xku� vHkX = kGHkX!Xku� vHkX

� cB2
cS
ku� vHkX :

Since vH 2 XH was arbitrary the assertion follows.

3.1.3 A posteriori error estimator

So far, we have seen that a minimizer u 2 X to (3.3) can be computed from the first-
order optimality system (3.7) and that this system obtains the representation as the
saddle point system (3.11), when introducing the Riesz representative of the residual
p = A�1(f �Bu). While in the continuous setting we have p � 0, the discrete mixed
variational formulation (3.13) gives ph 2 Yh $ p = A�1

h (f�Bhu) 6= 0 as the Galerkin
matrix Bh is in general not invertible, cf. [106]. This is a consequence of the fact
that we only need injectivity on the discrete level for the operator B, see the discrete
inf-sup condition (3.15), in order to get well-posedness of (3.13), see Theorem 2.7.
Therefore, the Galerkin matrix Bh is in general a rectangular matrix as dim(XH) 6=
dim(Yh). In this sense, the minimal residual approach for the solution of Bu = f gives
us on the discrete level more flexibility in the choice of stable pairs (XH ; Yh) than a
standard Galerkin-Petrov scheme where one has to enforce dim(XH) = dim(Yh) in
order to get solvability. However, we introduce some additional unknowns which in
terms of computational costs can be seen as a disadvantage, cf. [118]. But, in the
following we will show that the additional unknown ph can be used to define an error
estimator for the true error ku � uHkX . This has also been demonstrated, e.g., in
[36, Thm. 2.1] or [127, Prop. 3.8]

Lemma 3.12 ([106, Lem. 2.5]). Let (uH ; ph) 2 XH � Yh be the unique solution of
(3.13). Then, there holds the efficiency estimate

kphkY � cB2 ku� uHkX : (3.20)

Proof. We subtract (3.13) from (3.12) for q = qh 2 Yh � Y and v = vH 2 XH � X
to obtain the Galerkin orthogonalities

hA(p� ph); qhiH + hB(u� uH); qhiH = 0; hp� ph; BvHiH = 0 (3.21)
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for (vH ; qh) 2 XH � Yh. Since p � 0 they boil down to

hAph; qhiH = hB(u� uH); qhiH ; hBvH ; phiH = 0

for all (vH ; qh) 2 XH � Yh. Testing with qh = ph 2 Yh gives

kphk2
Y = hAph; phiH = hB(u� uH); phiH � cB2 ku� uHkXkphkY ;

from which we conclude the result.

In order to prove a reliability estimate we make use of the fact, see e.g. [28, Rem.
2.1], [127, Thm. 3.7], [164, Prop. 5.1], that the discrete inf-sup stability condition
(3.15) implies the existence of a Fortin projector [23, 68].

Lemma 3.13. Assume the discrete inf-sup stability condition (3.15). Then, there
exists a mapping �h : Y ! Yh, satisfying

hr � �hr; BvHiH = 0 for all vH 2 XH ; k�hrkY �
cB2
cS
krkY for all r 2 Y: (3.22)

Proof. The mapping can be constructed when defining �h : Y ! Yh, r 7! �hr, as
the second component of the solution (wH ; rh) 2 XH � Yh of the variational problem

hArh; qhiH � hBwH ; qhiH = 0; hrh; BvHiH = hr; BvHiH

for all (vH ; qh) 2 XH � Yh. This mixed system reads in terms of algebraic equations
as

Ahr �Bhw = 0; B>h r = g;

where g[i] = hr; B’ii, i = 1; :::;MX . The unique solvability of this system follows
since the associated Schur complement system Shw = g admits a unique solution
due to Lemma 3.10. Therefore, the mapping is well-defined and fulfills the condition
hr � �hr; BvHiH = 0; for all vH 2 XH . Moreover, we have

krhk2
Y = hArh; rhiH = hBwH ; rhiH = hBwH ; riH � cB2 kwHkXkrkY :

When using the discrete inf-sup condition (3.15) we obtain

cSkwHkX � sup
06=qh2Y

hBwH ; qhiH
kqhkY

= sup
06=qh2Yh

hArh; qhiH
kqhkY

� krhkY :

Finally, combining the latter two estimates we get

krhkY �
cB2
cS
krkY ;

which finishes the proof.
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Now, we can prove a reliability estimate for ph 2 Yh, see [36, cf. Thm. 2.1] in the
context of DPG methods.

Lemma 3.14. Let (uH ; ph) 2 XH �Yh be the unique solution to (3.13) and let u 2 X
be the unique solution to (3.1). Then, ph 2 Yh is reliable modulo the data oscillation
term osc(f) = kf � (I � �h)kY �, i.e., it satisfies

ku� uHkX �
1

cS

cB2
cB1
kphkY +

1

cB1
osc(f) : (3.23)

Proof. Using the inf-sup condition (3.4) and the properties of the Fortin projector
(3.22) we obtain

cB1 ku� uHkX � sup
06=q2Y

hB(u� uH); qiH
kqkY

= sup
06=q2Y

hB(u� uH); q � �hqiH + hB(u� uH);�hqiH
kqkY

= sup
06=q2Y

hBu; q � �hqiH + hAph;�hqiH
kqkY

= sup
06=q2Y

hf; q � �hqiH + hAph;�hqiH
kqkY

� osc(f) +
cB2
cS
kphkY ;

which gives the assertion.

As pointed out in [36, Thm. 2.1, Rem. 2.6], [127, Rem. 3.9] for the data oscillation
term it holds

osc(f) = sup
06=q2Y

hf; (I � �h)qiH
kqkY

= sup
06=q2Y

hBu; (I � �h)qiH
kqkY

= sup
06=q2Y

hB(u� vH); (I � �h)qiH
kqkY

� cB2 kI � �hkY!Y ku� vHkX ;

i.e., with kI � �hkY!Y = k�hkY!Y , see again [173, Lem. 5] and (3.22) we get

osc(f) � [cB2 ]2

cS
inf

vH2XH
ku� vHkX :

This means the data oscillation term is at least of the same order as the true error
ku � uHkX . However, for sufficiently smooth data we can expect that the data
oscillation term is of higher order than ku � uHkX , in particular when using trial
and test spaces which are defined with respect to different polynomial degrees of the
involved basis functions, see [36]. In this case the error indicator ph is asymptotically
reliable.
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In what follows we will give an alternative proof for the reliability estimate, which
follows the lines [106]. This is motivated by the paper [59] which states that small
data oscillations imply a so-called saturation assumption. Furthermore, it draws a
connection to the hierarchical error estimators, in particular the well-known h � h

2

estimator, see e.g., [37, 67]. To prove a reliability estimate in this context it is
necessary to introduce an additional ansatz space �XH � X which satisfies XH � �XH .
For this trial space we assume the discrete inf-sup stability condition

�cSk�vHkX � sup
06=qh2Yh

hB�vH ; qhiH
kqhkY

for all �vH 2 �XH ; (3.24)

with a constant �cS > 0. Due to XH � �XH it holds that (3.24) implies the discrete
inf-sup stability condition (3.15). In addition to that we consider (�uH ; �ph) 2 �XH�Yh
as the unique solution to the variational formulation

hA�ph; qhiH + hB�uH ; qhiH = hf; qhiH ; h�ph; B�vHiH = 0 (3.25)

for all (�vH ; qh) 2 �XH � Yh. Now, we are able to prove the following estimate.

Lemma 3.15 (cf. [106, Lem. 2.6]). Let (uH ; ph) 2 XH � Yh and (�uH ; �ph) 2 �XH � Yh
be the unique solutions of the Galerkin variational formulations (3.13) and (3.25),
respectively. Assume the saturation assumption

ku� �uHkX � � ku� uHkX for some � 2 (0; 1): (3.26)

Then the error estimator kphkY is reliable, satisfying

ku� uHkX �
1

1� �
1

�cS
kphkY : (3.27)

Proof. When subtracting the Galerkin variational formulation (3.25) from (3.13) we
obtain the Galerkin orthogonality

hB(�uH � uH); qhiH = hA(ph � �ph); qhiH for all qh 2 Yh: (3.28)

Since �uH � uH 2 �XH we conclude from the discrete inf-sup stability condition (3.24)

�cSk�uH � uHkX � sup
06=qh2Yh

hB(�uH � uH); qhiH
kqhkY

= sup
06=qh2Yh

hA(ph � �ph); qhiH
kqhkY

� kph � �phkY :

Further, by the second equation in (3.25) we have that h�ph; B(�uH � uH)iH = 0. With
this and the Galerkin orthogonality (3.28) we can estimate

kph � �phk2
Y = hA(ph � �ph); ph � �phiH = hB(�uH � uH); ph � �phiH

= hB(�uH � uH); phiH = hA(ph � �ph); phiH � kph � �phkY kphkY ;
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i.e.,
kph � �phkY � kphkY :

Hence, we obtain

k�uH � uHkX �
1

�cS
kph � �phkY �

1

�cS
kphkY ;

Finally, using the triangle inequality and the saturation assumption (3.26) we get

ku� uHkX � ku� �uHkX + k�uH � uHkX � �ku� uHkX +
1

�cS
kphkY

from which the assertion follows.

Since XH � �XH we expect that the solution �uH will be a better approximation to the
true solution u 2 X than uH 2 XH . The saturation assumption (3.26) is a condition
which quantifies how much better this approximation is, cf. [4, p. 88]. However, as
pointed out in [118, Rem. 5.9] it is hard to verify that such a condition is fulfilled
for explicit examples, see also [38].

3.1.4 On the choice of the test space Yh

In this subsection we want to address the question on how large do we have to choose
Yh such that the discrete inf-sup condition (3.15) holds.

Let us consider the variational formulation (3.9). The discrete variational formulation
is to find �uH 2 XH such that

hS�uH ; vHiH =


B�A�1f; vH

�
H

for all vH 2 XH : (3.29)

Obviously, (3.29) admits a unique solution due to the ellipticity of S, see Lemma 3.4.
As pointed out in e.g. [52, 84] it can be viewed as an ideal Petrov-Galerkin method
which seeks for �uH 2 XH satisfying

hB�uH ; qHiH = hf; qHiH for all qH 2 Y opt
H := T (XH) := A�1B(XH);

where Y opt
H is called optimal test space and T : X ! Y is called trial-to-test operator.

The choice Yh = Y opt
H yields immediately the discrete inf-sup condition since

sup
06=qh2Y optH

hBvH ; qhiH
kqhkY

� hBvH ; A
�1BvHiH

kA�1BvHkY
=
hSvH ; vHiH
kvHkS

= kvHkS � cB1 kvHkX :

However, the optimal test space is in general not realizable as the trial-to-test opera-
tor T does not allow for a direct evaluation. Hence, �uH is in general not computable.
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From the Schur complement system (3.16) we infer that the computable solution
uH 2 XH satisfies

hBuH ; qhiH = hf; qhiH for all qh 2 Y prac
H := PhY

opt
H � Yh; (3.30)

where Ph : Y ! Yh denotes the orthogonal projection. This means the solution uH is
computed with respect to a practical realization Y prac

H � Yh of the optimal test space,
which is the orthogonal projection of the optimal test space Y opt

H onto Yh. Note that
(3.30) is also called practical Petrov-Galerkin method, see e.g. [85].

Remark 3.16. In [52] it is shown how to construct optimal test functions for the
practical Petrov-Galerkin method (3.30) in a Discontinuous Galerkin (DG) setting.
An analysis of the DPG method in case of the Poisson equation can be found in
[51, 53, 85]. In these references an ultraweak formulation based on a first-order
reformulation of the Poisson equation as well as a primal formulation without a
first-order reformulation are discussed. We use the saddle point formulation (3.13)
which is equivalent to (3.30), see e.g. [28, Prop. 2.2]. The saddle point formulation
involves the trial space XH and the test space Yh and not explicitly the practical
optimal test space Y prac

H . Moreover, we will use a Continuous Galerkin (CG) method
for the discretization. Note that this approach was also followed by [46].

A first insight into the connection between the optimal testspace Y opt
H and the test

space Yh gives the following result.

Theorem 3.17. Assume the discrete inf-sup condition (3.15). Then there holds

inf
qh2Yh

k�p� qhkY �

s
1�

�
cS
cB2

�2

k�pkY for all �p 2 Y opt
H (3.31)

Proof. First note that an element �p 2 Y opt
H can be associated with an element vH 2

XH via �p = A�1BvH . Now, we can define �ph 2 Yh as the unique solution to the
variational problem

hA�ph; qhiH = hBvH ; qhiH = hA�p; qhiH for all qh 2 Yh
satisfying the orthogonality relation

k�p� �phk2
Y = k�pk2

Y � k�phk2
Y :

Note that �ph 2 Y prac
H . Now, we can estimate

k�phk2
Y = hA�ph; �phiH =

�
hA�ph; �phiH
k�phkY

�2

=

�
sup

06=qh2Yh

hA�ph; qhiH
kqhkY

�2

=

�
sup

06=qh2Yh

hBvH ; qhiH
kqhkY

�2

� c2
SkvHk2

X �
�
cS
cB2

�2

kvHk2
S =

�
cS
cB2

�2

k�pk2
Y :
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With this we obtain

k�p� �phk2
Y �

 
1�

�
cS
cB2

�2
!
k�pk2

Y

Finally, using
inf
qh2Yh

k�p� qhkY � k�p� �phkY

gives the desired result.

Remark 3.18. A slightly stronger statement is proven in [28, Prop. 2.5]. There it
is shown that in (3.31) even equality holds.

The assertion of Theorem 3.17 can be also reversed in the sense that for given space
XH it gives us an abstract condition on how rich the test space Yh in comparison
to the optimal test space Y opt

H has to be in order to fulfill a discrete inf-sup stability
condition.

Theorem 3.19 ([106, Thm. 2.7]). For a given finite element space XH � X let
Y opt
H = A�1B(XH) be the associated optimal test space. Further, let Yh � Y such

that
inf
qh2Yh

k�p� qhkY � �k�pkY for all �p 2 Y opt
H (3.32)

is satisfied for some � 2 (0; 1). Then, there holds the discrete inf-sup stability condi-
tion

cB1
p

(1� �2)kvHkX � sup
06=qh2Yh

hBvH ; qhiH
kqhkY

for all vH 2 XH : (3.33)

Proof. First note that an arbitrary element vH 2 XH can be uniquely identified with
an element �p 2 Y opt

H via �p = A�1BvH since the involved operators are isomorphisms.
Then we can compute

kvHk2
S = k�pk2

Y :

In addition to that we define �ph 2 Yh as unique solution of the Galerkin variational
formulation

hA�ph; qhiH = hBvH ; qhiH = hA�p; qhiH for all qh 2 Yh;

satisfying the bound
k�phkY � k�pkY ;

Cea’s lemma,
k�p� �phkY � inf

qh2Yh
k�p� qhkY ;

and the orthogonality relation

k�pk2
Y = k�phk2

Y + k�p� �phk2
Y :
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Then, from (3.32) we obtain

k�p� �phkY � �k�pkY :

Hence, we can write�
sup

06=qh2Yh

hBvH ; qhiH
kqhkY

�2

=

�
sup

06=qh2Yh

hA�ph; qhiH
kqhkY

�2

=

�
hA�ph; �phiH
k�phkY

�2

= k�phk2
Y = k�pk2

Y � k�p� �phk2
Y

� (1� �2)k�pk2
Y

= (1� �2)kvHk2
S

implying the inf-sup stability condition (3.33).

3.1.5 Discretization dependent norm for the ansatz space

As pointed out in [106], in some applications, e.g., when considering space-time finite
elements for parabolic evolution equations as in [157], it might be useful to define
a discretization dependent norm k:kX;h on X in order to establish a discrete inf-sup
condition. So in this subsection we will show that the main results of the least-squares
framework are still valid. Again, we will follow the presentation in [106].

Let k:kX;h : X ! R define a norm on X which satisfies kvkX;h � kvkX for all v 2 X
and which is asymptotically equivalent to the original norm on X, i.e., k�kX;h ! k�kX
as h! 0. Assume that

~cSkvHkX;h � sup
06=qh2Yh

hBvH ; qhiH
kqhkY

for all vH 2 XH : (3.34)

Then the following stability and error estimate holds.

Lemma 3.20 ([106, cf. Lem. 2.8]). Assume the discrete inf-sup stability condition
(3.34). Then the Schur complement matrix Sh = B>h A

�1
h Bh is positive definite and

there hold the inequalities

[~cS]2kvHk2
X;h � (Shv; v) � [cB2 ]2kvHk2

X (3.35)

for all v 2 RMX $ vH 2 XH . Furthermore, the Schur complement system (3.16)
as well as the mixed system (3.13) admit a unique solution and there holds the error
estimate

ku� uHkX;h �
cB2
~cS

inf
vH2XH

ku� vHkX : (3.36)
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Proof. The proof of the inequalities (3.35) follows the lines of the proof of Lemma
3.10 replacing the discrete inf-sup stability condition (3.15) with (3.34). This ensures
the unique solvability of (3.16), (3.13), respectively, since k:kX;h defines a norm on
XH � X. The proof of the error estimate works in the same way as demonstrated
in Lemma 3.11, using (3.35) instead of (3.17).

In order to show that the error indicator is efficient and reliable, we can proceed
similar as in Section 3.1.3. We consider an additional ansatz space �XH � X, which
satisfies XH � �XH . For this trial space we assume the discrete inf-sup stability
condition

�cSk�vHkX;h � sup
06=qh2Yh

hB�vH ; qhiH
kqhkY

for all �vH 2 �XH ; (3.37)

with a constant �cS > 0. Note that (3.37) implies the discrete inf-sup stability condi-
tion (3.34). Now, we can provide the following result.

Lemma 3.21. Let u 2 X be the unique solution to (3.1), (uH ; ph) 2 XH � Yh be
the unique solution to (3.13) and (�uH ; �ph) be the unique solution to the variational
formulation (3.25). Further, assume that the operator B is also bounded with respect
to the discrete norm k � kX;h, i.e.,

hBv; qhiH � cB2 kvkX;hkqhkY 8v 2 X; 8qh 2 Yh; (3.38)

and the saturation assumption

ku� �uHkX;h � �ku� uHkX;h for some � 2 (0; 1): (3.39)

Then there hold the inequalities

1

cB2
kphkY � ku� uHkX;h �

1

1� �
1

�cS
kphkY ;

i.e., the error indicator ph is efficient and reliable.

Proof. The efficiency estimate can be proven in the same way as in Lemma 3.12 using
(3.38), i.e.,

kphk2
Y = hAph; phiH = hB(u� uH); phiH
� cB2 ku� uHkX;hkphkY ;

from which the first inequality follows. For the reliability estimate we can follow
the lines of the proof of Lemma 3.15. We recall the main steps. Using the Galerkin
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orthogonality (3.28) and that �uH � uH 2 �XH we conclude from the discrete inf-sup
stability condition (3.37)

�cSk�uH � uHkX;h � sup
06=qh2Yh

hB(�uH � uH); qhiH
kqhkY

= sup
0 6=qh2Yh

hA(ph � �ph); qhiH
kqhkY

� kph � �phkY :

Further, using that h�ph; B(�uH � uH)iH = 0, which follows from (3.25), and the
Galerkin orthogonality (3.28) we obtain

kph � �phk2
Y = hA(ph � �ph); ph � �phiH = hB(�uH � uH); ph � �phiH

= hB(�uH � uH); phiH = hA(ph � �ph); phiH
� kph � �phkY kphkY :

Hence, we conclude

k�uH � uHkX;h �
1

�cS
kphkY :

Finally, using the triangle inequality and the saturation assumption (3.39) we get

ku� uHkX;h � ku� �uHkX;h + k�uH � uHkX;h � �ku� uHkX;h +
1

�cS
kphkY

from which the assertion follows.

3.2 Extension to the nonlinear case

In this section we will extend the approach seen in Section 3.1 to the nonlinear
case. In the context of DPG methods there are some works dealing with nonlinear
problems. We want to mention the work [41], where a Gauß-Newton scheme is
used to solve a nonlinear minimal residual problem. A steepest descent approach
is considered in the PhD thesis [116], which is based on the works [26, 27], where
they solved a transonic flow problem. A PDE-constrained residual minimization
approach is considered [31]. Finally, in [35] the DPG framework is applied to a
nonlinear diffusion problem and quasi-optimal a priori and reliable and efficient a
posteriori error estimates are shown.

For the motivation of the least-squares approach in the nonlinear case we consider
two Hilbert spaces X, Y , and a nonlinear operator B : X ! Y �. Then we are
interested to find a solution u 2 X to the nonlinear operator equation

B(u) = f in Y �: (3.40)
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The discretization of (3.40) reads to find uH 2 XH � X such that

hB(uH); qhiH = hf; qhiH for all qh 2 Yh � Y:

This leads to a system of nonlinear equations which can be solved with e.g. Newton’s
method [57]. In Newton’s method one computes a sequence of iterates fukHgk � XH

which satisfy
uk+1
H = ukH + wkH ;

where wkH 2 XH is the solution of the Newton system

B0(ukH)wkH ; qh

�
H

= �


B(ukH)� f; qh

�
H

for all qh 2 Yh: (3.41)

For well-posedness of (3.41) one has to assume some discrete inf-sup stability conditon
as well as dim(XH) = dim(Yh). However, as pointed out in [118] the latter condition
is in some applications too restrictive as it narrows possible stable pairs (XH ; Yh).
Therefore, in the following we will consider a minimal residual approach for the
solution of (3.40), which seeks for a minimizer u 2 X to the least-squares functional

J(w) =
1

2
kB(w)� fk2

Y � (3.42)

We start with an abstract derivation of the method and then discuss solution strate-
gies involving Newton’s as well as Gauß-Newton’s method.

3.2.1 Derivation of the method

As in the linear setting we consider X � H � X� and Y � H � Y � to be Gelfand
triples of Hilbert spaces, where X�, Y � denote the dual spaces with respect to H
with the duality pairing hf; qiH for f 2 Y � and q 2 Y . Further, let A : Y ! Y � be a
linear, bounded, self-adjoint and Y -elliptic operator. In addition to that we consider
a nonlinear operator B : X ! Y � which we assume to be an isomorphism and twice
Fréchet differentiable.

The minimal residual method aims to find a minimizer u 2 X to (3.42) which due
to Lemma 3.2 reads

J (w) =
1

2
kB(w)� fk2

Y � =
1

2



A�1(B(w)� f); B(w)� f

�
H

=
1

2



A�1B(w); B(w)

�
H
�


A�1f;B(w)

�
H

+
1

2



A�1f; f

�
H

A minimizer u 2 X to (3.42) has to fulfill the first-order optimality system which in
this case reads

DJ (u)(v) =


B0(u)�A�1(B(u)� f); v

�
H

= 0 for all v 2 X: (3.43)

In order to solve (3.43) we can apply Newton’s method, which gives the well-known
Newton minimization algorithm [133].
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Algorithm 3.22. Choose an initial guess u0 2 X.

For k = 0; 1; 2:::, until convergence do

(i) Compute wku 2 X as solution to

D2J (uk)(wku; v) = �DJ (uk)(v) for all v 2 X: (3.44)

(ii) Set uk+1 = uk + wku.

In particular, (3.44) reads in our case

B0(uk)�A�1B0(uk)wku; v

�
H

+


B00(uk)(wku; v); A�1(B(uk)� f)

�
H

= �


B0(uk)�A�1(B(uk)� f); v

�
H

(3.45)

for all v 2 X. In our numerical examples we do not apply Newton’s method directly to
(3.43). Instead, we first introduce similar as in the linear case the Riesz representative
of the residual p := A�1(f � B(u)) 2 Y . Then (3.43) can be rewritten as a mixed
system to find (u; p) 2 X � Y such that

Ap+B(u) = f in Y �; B0(u)�p = 0 in X�: (3.46)

The related variational formulation of the mixed system is then to find (u; p) 2 X�Y
such that

hAp; qiH + hB(u); qiH = hf; qiH ; hp;B0(u)viH = 0 (3.47)

holds for all (v; q) 2 X � Y . Now, we apply Newton’s method to the operator
G : Y �X ! Y � �X� defined by

G(p; u) :=

�
G1(p; u)
G2(p; u)

�
:=

�
Ap+B(u)� f

B0(u)�p

�
;

which gives the following algorithm for the solution of (3.43).

Algorithm 3.23. Choose an initial guess z0 := (p0; u0) 2 Y �X.

For k = 0; 1; 2; :::; until convergence do

(i) Compute wk = (wkp ; w
k
u) 2 Y �X as solution to


G0(pk; uk)(wkp ; w
k
u); (q; v)

�
H

= �


G(pk; uk); (q; v)

�
H
8(q; v) 2 Y �X: (3.48)

(ii) Set zk+1 = zk + wk, where zk = (pk; uk).
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In more detail (3.48) reads to find (wkp ; w
k
u) 2 Y �X such that


Awkp ; q
�
H

+


B0(uk)wku; q

�
H

= �


G1(pk; uk); q

�
H
;


wkp ; B
0(uk)v

�
H

+


pk; B00(uk)(wku; v)

�
H

= �


G2(pk; uk); v

�
H

(3.49)

is satisfied for all (q; v) 2 Y � X. The reason for the consideration of the optimal-
ity system (3.43) in its mixed form (3.46) is that it allows the computation of the
solution u as well as the Riesz representative of the residual simultaneously. This is
in particular interesting if one wants to use the Riesz lift of the residual to drive an
adaptive refinement scheme. Furthermore, we want to mention that the implemen-
tation of Algorithm 3.23 can be done via the automatic differentiability capabilities
of Netgen/NGSolve, which felt more convenient. Both Algorithms, i.e., 3.22, 3.23,
respectively, have in common that they need the second derivative of B. However, in
some cases one might be interested in a solution method which does not need the sec-
ond derivative of the operator B. One possibility is to use a Gauß-Newton method for
computing a minimizer to the nonlinear least-squares functional. In Gauß-Newton’s
method the second directional derivative in (3.44) is approximated by

D2J (uk)(wku; v) �


B0(uk)�A�1B0(uk)wku; v

�
H
:

This results in the following algorithm.

Algorithm 3.24. Choose an initial guess u0 2 X.

For k = 0; 1; 2:::, until convergence do

(i) Compute wku 2 X as solution to

B0(uk)�A�1B0(uk)wku; v

�
H

= �


B0(uk)�A�1(B(uk)� f); v

�
H

(3.50)

for all v 2 X.

(ii) Set uk+1 = uk + wku.

Remark 3.25. In operator form (3.50) reads

B0(uk)�A�1
�
B0(uk)wku +B(uk)� f

�
= 0;

i.e., the Gauß-Newton search direction wku 2 X is the minimizer of the linearized
least-squares functional

wku = arg min
v2X

1

2



B0(uk)v +B(uk)� f


2

Y �
:
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Remark 3.26. In order to overcome the realization of the inverse of A and to have
the Riesz representative of the residual explicitly available one can implement step (i)
in Algorithm 3.24 in the following way: First determine pk 2 Y as solution to


Apk; q
�
H

=


B(uk)� f; q

�
H

for all q 2 Y:

Then solve the mixed system to find (wkp ; w
k
u) 2 Y �X such that


Awkp ; q
�
H

+


B0(uk)wku; q

�
H

= 0;


wkp ; B

0(uk)v
�
H

=


pk; B0(uk)v

�
H

is satisfied for all (q; v) 2 Y �X.

A comparison between (3.45) and (3.50) reveals that for the Gauß-Newton method
to be well-posed one only needs stability of the first order derivative B0, which is
in practice often beneficial. For the well-posedness of Newton’s method one needs
additional conditions on the second order derivative B00 of the nonlinear operator B.
However, in general the convergence of Gauß-Newton’s method is slower than that of
Newton’s method, cf. [57, p. 199], [133, p. 257]. In what follows we assume that the
operator B0(u) : X ! Y � satisfies an inf-sup condition and a boundedness estimate
uniformly for all u 2 X, i.e.,

cB
0

1 kvkX � sup
06=q2Y

hB0(u)v; qiH
kqkY

; kB0(u)vkY � � cB
0

2 kvkX (3.51)

for all v 2 X with constants cB01 , cB02 > 0 independent of u. Then we can show that
the operator Su := B0(u)�A�1B0(u) : X ! X� obtains the following properties.

Lemma 3.27. Under the assumptions of (3.51) the operator Su := B0(u)�A�1B0(u) :
X ! X� is bounded and elliptic uniformly for any u 2 X, i.e.,

kSuwkX� � cSu2 kwkX ; hSuw;wiH � cSu1 kwk2
X for all w 2 X;

where cSu2 = [cB
0

2 ]2, cSu1 = [cB
0

1 ]2.

Proof. The proof follows the lines of the proof of Lemma 3.4

Corollary 3.28. Under the assumptions (3.51) the variational formulation (3.50)
admits a unique solution and the Gauß-Newton search direction wku 2 X is a descent
direction.

Proof. Unique solvability of (3.50) follows immediately from Lemma 3.27. For the
unique solution wku 2 X to (3.50) it holds

DJ (uk)(wku) =


B0(uk)�A�1(B(uk)� f); wku

�
H

= �


B0(uk)�A�1B0(uk)wku; w

k
u

�
H
� �[cB

0

1 ]2


wku

2

X
< 0

for wku 6= 0. Hence, the assertion follows.
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Remark 3.29. If the operator B0(u) : X ! Y � does not satisfy the conditions in
(3.51) one can use a steepest descent method to solve (3.42). This involves the com-
putation of a Riesz representative of

DJ (u) = B0(u)�A�1(B(u)� f) 2 X�:

This can be done via an auxiliary boundary value problem, where B0 is solely used
to compute the right-hand side. Hence, no conditions on B0 are needed. However,
this comes at the cost of a lower convergence rate of the iterative scheme compared
to that of a Gauß-Newton method. The steepest descent approach is considered e.g.
in [116].

3.2.2 Discretization

For the discretization we consider conforming finite dimensional subspaces XH =
spanf’igMX

i=1 � X and Yh = spanf igMY
i=1 � Y , which are defined with respect to some

admissible decomposition of the computational domain into shape regular simplicial
finite elements of mesh size H,h, respectively. The discrete version of the Newton
algorithm 3.23 starts with an initial guess (p0

h; u
0
H) 2 Yh � XH and then computes

iteratively (pk+1
h ; uk+1

H ) = (pkh; u
k
H)+(wkph; w

k
uH), where (wkph; w

k
uH) 2 Yh�XH solves


Awkph; qh
�
H

+


B0(ukH)wkuH ; qh

�
H

= �


G1(pkh; u

k
H); qh

�
H
;


wkph; B
0(ukH)vH

�
H

+


pkh; B

00(ukH)(wkuH ; vH)
�
H

= �


G2(pkh; u

k
H); vH

�
H

(3.52)

for all (qh; vH) 2 Yh �XH . Introducing

Ah[i; j] = hA j;  iiH i; j = 1; :::;MY ;

B(u)[i] = hB(uH);  ii; i = 1; :::;MY ;

B0h(u)[i; j] = hB0(uH)’j;  iiH ; i = 1; :::;MY ; j = 1; :::;MX ;

B00h(u; p)[i; j] = hph; B00(uH)(’j; ’i)iH ; i; j = 1; :::;MX

with the identification uH 2 XH $ u 2 RMX , ph 2 Yh $ p 2 RMY we can write the
discrete version of Algorithm 3.23 as following.

Algorithm 3.30. Choose an initial guess (p0
h; u

0
H) 2 Yh �XH $ (p0; u0) 2 RMY �

RMX .

For k = 0; 1; 2; :::; until convergence do

(i) Solve the algebraic system of equations�
Ah B0h(u

k)
B0h(u

k)> B00h(uk; pk)

� �
wkp
wku

�
= �

�
Ahp

k +B(uk)� f
(B0h(u

k))>pk

�
:
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(ii) Set (pk+1
h ; uk+1

H )$ (pk+1; uk+1) = (pk; uk) + (wkp; w
k
u).

In view of Remark 3.26 the discrete version of the Gauß-Newton algorithm starts
with an initial guess u0

H 2 XH and then computes iteratively uk+1
H = ukH + wkuH ,

where we first determine pkh 2 Yh as solution to

Apkh; qh

�
H

=


B(ukH)� f; qh

�
H

for all qh 2 Yh:

In the second step we compute (wph; wuH) 2 Yh �XH such that

Awkph; qh

�
H

+


B0(ukH)wkuH ; qh

�
H

= 0

wkph; B

0(ukH)vH
�
H

=


pkh; B

0(ukH)vH
�
H

holds for all (qh; vH) 2 Yh �XH . Thus, we can state the following algorithm.

Algorithm 3.31. Choose an initial guess u0
H 2 XH $ u0 2 RMX .

For k = 0; 1; 2; :::; until convergence do

(i) Set pk = A�1
h (B(uk)� f).

(ii) Solve the algebraic system of equations�
Ah B0h(u

k)
B0h(u

k)>

� �
wkp
wku

�
=

�
0

B0h(u
k)>pk

�
:

(iii) Set uk+1
H $ uk+1 = uk + wku.

Remark 3.32. For the practical implementation of the Newton algorithm 3.30 and
the Gauß-Newton algorithm 3.31 we will use their damped version [57, p.109-172],
[133]. This is to overcome the local convergence behaviour of Newton’s or Gauß-
Newton’s method, respectively, as also mentionend in [76]. In the damped version of
these algorithms we perform an update (pk+1; uk+1) = (pk; uk) + �(wkp; w

k
u), uk+1 =

uk + �wku, respectively, where the parameter � 2 (0; 1] is chosen according to some
line search strategy.



4 Parabolic evolution equations

In this chapter we apply the minimal residual/least-squares framework described in
Chapter 3 in combination with the conforming space-time finite element discretiza-
tion scheme described in [157] to parabolic evolution equations. In particular, we
consider the heat equation, the convection-diffusion equation and a semilinear heat
equation as model problems. For the heat equation and the convection-diffusion
equation a discrete inf-sup stability condition will be shown with respect to a mesh-
dependent norm which ensures stability of the mixed system (3.14). The finite el-
ement matrices used to set up the mixed system (3.14) will be implemented using
standard finite element libraries. Several numerical examples will be presented which
confirm our theoretical findings and a comparison to the FOSLS method of Führer
and Karkulik in [72] in case of the heat equation will be given. For the nonlinear
problem a solution via Newton’s and Gauß-Newton’s method will be presented.

4.1 Heat equation

We consider the Dirichlet boundary value problem for the heat equation

@tu(x; t)��xu(x; t) = f(x; t) for (x; t) 2 Q := 
� (0; T ); (4.1a)
u(x; t) = 0 for (x; t) 2 � := �� (0; T ); (4.1b)
u(x; 0) = 0 for x 2 
; (4.1c)

where 
 � Rd, d = 1; 2; 3 is a bounded Lipschitz domain with boundary � = @
,
T > 0 is a given time horizon and f is a given right-hand side.

The common space-time variational formulation of Bochner type [64] is to find u 2
X = L2(0; T ;H1

0 (
)) \H1
0;(0; T ;H�1(
) such that

hBu; qiQ := h@tu; qiQ + hrxu;rxqiL2(Q) = hf; qiQ (4.2)

is satisfied for all q 2 Y := L2(0; T ;H1
0 (
)). Stable space-time discretization schemes

for this variational formulation are considered in, e.g., [108, 153, 157]. We will employ
a minimal residual discretization which we described in Chapter 3. The idea to use a
least-squares approach for the solution of the heat equation was already considered
by Andreev [6]. However, as pointed out in [82] a verification of the LBB condition
for discrete pairs (Xh; Yh) has been restricted to pairs of finite element spaces with

43
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respect to partitions of Q that permit a decomposition into time-slabs [164, 165].
Therefore, stability of the scheme for fully unstructured decompositions of space and
time are not covered. Using the abstract framework in Section 3.1 in the spirit of the
space-time discretization scheme [157] we will show that the necessary discrete inf-
sup condition on the operator B is satisfied with respect to a mesh-dependent norm,
see also [106]. This gives us stability on the discrete level with respect to arbitrary
decompositions of the space-time domain Q into simplicial elements. This result
also enables us to prove that the inbuilt error indicator is efficient and under some
saturation assumption reliable. In Section 4.1.2 we will describe an alternative least-
squares approach, namely the space-time first order system least-squares (FOSLS)
method introduced by Führer and Karkulik in [72]. The reformulation as a first
order system comes with the fact that the residual is measured in a norm which
is localizable, i.e., in a norm which allows for L2-regularity. However, the handling
of loads which belong to Sobolev spaces of negative order is more involved and not
straightforward, see e.g. [70, 71] for a related approach. We also want to refer to
[172], where a space-time discretization using a constrained first order system least-
squares (CFOSLS) method is proposed, which is based on the works [3, 132]. In
[172] discretizations for the heat equation, a scalar conservation law and the wave
equation are considered and numerical examples in (d+ 1) dimensions with d = 2; 3
are presented. The approach uses a slightly different reformulation of the original
PDE as a first order system than in [72]. Finally, in Section 4.1.3 we will present
some numerical examples, which will confirm our theoretical findings.

4.1.1 Minimal residual method

For the solution of (4.2) we consider the space-time finite element method proposed
in [157] and apply it with respect to the least-squares setting developed in Section
3.1. In this context we have the Bochner spaces

X := L2(0; T ;H1
0 (
)) \H1

0;(0; T ;H�1(
)); Y := L2(0; T ;H1
0 (
)); H := L2(Q)

with the corresponding norms

kpkY := krxpkL2(Q); kukX :=
q
k@tuk2

Y � + krxuk2
L2(Q):

The operators A : Y ! Y � and B : X ! Y � are defined in the variational sense
satisfying

hAp; qiQ := hrxp;rxqiL2(Q); hBu; qiQ := h@tu; qiQ + hrxp;rxqiL2(Q); (4.3)

for all p; q 2 Y and u 2 X, where h�; �iQ denotes the duality pairing. In order to apply
the abstract framework from Section 3.1 we have to make sure that the operators
A; B fulfill the assumptions. This will be done in the following.
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Lemma 4.1. The operator A : Y ! Y � defined in (4.3) is bounded, self-adjoint and
elliptic with constants cA1 = cA2 = 1.

Proof. The boundedness of A follows from the Cauchy-Schwarz inequality, i.e.,

hAp; qiQ = hrxp;rxqiL2(Q) � krxpkL2(Q)krxqkL2(Q) = kpkY kqkY :

From the definiton of A it follows

hAp; qiQ = hrxp;rxqiL2(Q) = hrxq;rxpiL2(Q) = hAq; piQ;

which gives the self-adjointness. The ellipticity immediately follows from

hAp; piQ = hrxp;rxpiL2(Q) = kpk2
Y :

Lemma 4.2. The operator B : X ! Y � defined in (4.3) is bounded with cB2 =
p

2,
fulfills the inf-sup condition (3.4) with cB1 = 1 and is surjective.

Proof. Using the estimate (a+ b)2 � 2(a2 + b2) for a; b > 0 we obtain

hBu; qiQ = h@tu; qiQ + hrxu;rxqiL2(Q) � k@tukY �kqkY + kukY kqkY

�
p

2
q
k@tuk2

Y � + kuk2
Y kqkY =

p
2kukXkqkY ;

which gives boundedness of the operator B. In order to prove an inf-sup condition
we proceed as in [106]. We define wu := A�1@tu 2 Y , i.e., wu solves the variational
problem

hrxwu;rxqiL2(Q) = h@tu; qiQ for all q 2 Y:
Note that wu 2 Y is nothing than the Riesz representative of @tu 2 Y �. Thus, by
Lemma 3.2 and Remark 3.3 we conclude kwukY = k@tukY � . For �q := u+wu 2 Y we
then have

hBu; �qiQ = hBu; u+ wuiQ
= h@tu; u+ wuiQ + hrxu;rx(w + wu)iL2(Q)

= hrxwu;rx(u+ wu)iL2(Q) + hrxu;rx(w + wu)iL2(Q)

= hrx(u+ wu);rx(w + wu)iL2(Q)

= ku+ wuk2
Y = k�qk2

Y :

Further we have

k�qk2
Y = krx(u+ wu)k2

L2(Q)

= krxuk2
L2(Q) + 2h@tu; uiQ + krxwuk2

L2(Q)

� krxuk2
L2(Q) + krxwuk2

L2(Q) = kuk2
X ;
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where we used

h@tu; uiQ =

Z T

0

h@tu(t); u(t)i
 dt =
1

2

Z T

0

d

dt
hu(t); u(t)iL2(
) dt

=
1

2
ku(T )k2

L2(
) �
1

2
ku(0)k2

L2(
) =
1

2
ku(T )k2

L2(
) � 0:

Now, we obtain
hBu; �qiQ � kukXk�qkY ;

and therefore we conclude the inf-sup stability condition

sup
06=q2Y

hBu; qiQ
kqkY

�
hBu; �qiQ
k�qkY

� kukX for all u 2 X:

It remains to prove that B is surjective. For this let q 2 Y n f0g. Then we define

uq(x; t) :=

Z t

0

q(x; s) ds:

Since uq(x; 0) = 0 and @tuq = q 2 Y it holds that uq 2 X. Further we compute

hBuq; qiQ = h@tuq; qiL2(Q) + hrxuq;rxqiL2(Q)

= kqk2
L2(Q) +

Z T

0

hrxuq(t);rx@tuq(t)iL2(
) dt

= kqk2
L2(Q) +

1

2

Z T

0

d

dt
hrxuq(t);rxuq(t)iL2(
) dt

= kqk2
L2(Q) +

1

2
krxuq(T )k2

L2(
) > 0;

which gives surjectivity of B and concludes the proof.

Remark 4.3. A proof of the inf-sup condition on B can also be found in e.g. [157,
Thm. 2.1] with a constant cB1 = 1

2
p

2
. It also follows from the inf-sup identity [65,

Thm. 2.1]. However, the idea for the choice of the test function �q = u+A�1@tu can
already be found in [64, Thm. 6.6]. Note that it holds �q 2 Y opt = A�1B(X), i.e., it is
an optimal test function, cf. Rem. 3.9 and Sec. 3.1.4. Indeed, using Bu = @tu+Au,
a straightforward computation gives

�q = u+ wu = u+ A�1@tu = A�1(@tu+ Au) = A�1Bu:

The properties of the operator B ensure that the variational problem (4.2) admits
a unique solution u 2 X. Together with the properties of the operator A and by
Lemma 3.6 it holds

u = arg min
w2X

1

2
kBw � fk2

Y � :
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A solution to the minimization problem can be obtained from the mixed system
(3.12), which in this particular case reads to find (u; p) 2 X � Y such that

hrxp;rxqiL2(Q) + h@tu; qiQ + hrxu;rxqiL2(Q) = hf; qiQ;
h@tv; piQ + hrxv;rxpiL2(Q) = 0

(4.4)

is satisfied for all (v; q) 2 X � Y .

For the discretization of (4.4) we consider the finite dimensional subspaces XH � X
and Yh � Y , where we assume the inclusion XH � Yh. As already used in the proof
of Lemma 4.2 the norm kukX allows the representation

kukX =
q
kwuk2

Y + kuk2
Y ; kwukY = k@tukY � ;

where wu := A�1@tu is the Riesz representative of @tu 2 Y �, i.e., it solves the
variational formulation

hrxwu;rxqiL2(Q) = h@tu; qiQ for all q 2 Y:

In view of this observation we define wuh 2 Yh as the unique solution of the Galerkin
variational formulation

hrxwuh;rxqhiL2(Q) = h@tu; qhiQ for all qh 2 Yh:

With this we can define the discrete norm

kukX;h :=
q
kuk2

Y + kwuhk2
Y � kukX : (4.5)

This allows us to prove the following properties of the operator B.

Lemma 4.4. Let XH � X and Yh � Y be finite dimensional subspaces of X; Y ,
respectively with XH � Yh. Then the operator B satisfies the discrete boundedness
estimate

hBu; qhiQ �
p

2kukX;hkqhkY for all u 2 X; qh 2 Yh;
as well as the discrete inf-sup condition

kuHkX;h � sup
06=qh2Yh

hBuH ; qhiQ
kqhkY

for all uH 2 XH : (4.6)

Proof. From the definition of the discrete norm (4.5) and using the Cauchy-Schwarz
inequality as well as (a+ b)2 � 2(a2 + b2) we obtain

hBu; qhiQ = h@tu; qhiQ + hrxu;rxqhiL2(Q)

= hrxwuh;rxqhiL2(Q) + hrxu;rxqhiL2(Q)

� (kwuhkY + kukY ) kqhkY
�
p

2kukX;hkqhkY ;
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which gives the discrete boundedness estimate. The proof of the discrete inf-sup
condition follows the lines as in the continuous case, see Lemma 4.2. We recall the
main steps. First, we define �qh := uH + wuHh, where wuHh 2 Yh solves

hrxwuHh;rxqhiL2(Q) = h@tu; qhiQ for all qh 2 Yh:

As XH � Yh we have �qh 2 Yh. Then we can compute

hBuH ; �qhiQ = k�qhk2
Y :

Further we have due to h@tuH ; uHiQ � 0 the estimate

k�qhk2
Y = kuHk2

Y + kwuHhk2
Y + 2h@tuH ; uHiQ � kuHk

2
X;h;

which implies
hBuH ; �qhiQ � kuHkX;hk�qhkY :

Finally, we obtain

sup
0 6=qh2Yh

hBuH ; qhiQ
kqhkY

�
hBuH ; �qhiQ
k�qhkY

� kuHkX;h;

which gives the desired result.

Remark 4.5. A similar proof of the discrete inf-sup condition can be also found in
[157, Thm. 3.1].

The discrete inf-sup stability condition shown in Lemma 4.4 ensures the unique solv-
ability of the mixed variational formulation (3.13), which in this particular case is to
find (uH ; ph) 2 XH � Yh such that

hrxph;rxqhiL2(Q) + h@tuH ; qhiQ + hrxuH ;rxqhiL2(Q) = hf; qhiQ;
h@tvH ; phiQ + hrxvH ;rxphiL2(Q) = 0

(4.7)

is satisfied for all (vH ; qh) 2 XH � Yh. The related error estimate follows from (3.36)
and reads with cB2 =

p
2 and ~cS = 1

ku� uHkX;h �
p

2 inf
vH2XH

ku� vHkX :

In case of a piecewise linear finite element space for the trial space XH and a sufficient
regular solution u 2 Hs(Q) for some s 2 [1; 2] we conclude the error estimate, see
e.g., [157]

krx(u� uH)kL2(Q) � ku� uHkX;h � cHs�1jujHs(Q):

In view of Lemma 3.21 we can define �XH = Yh \ X and show the discrete inf-sup
condition (3.37) similar as demonstrated in Lemma 4.4 with �cS = 1. Using that
cB2 =

p
2 and assuming the saturation assumption (3.39) for some � 2 (0; 1) we

conclude for the error indicator
1p
2
krxphkL2(Q) � ku� uHkX;h �

1

1� �
krxphkL2(Q):
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4.1.2 FOSLS method

In this section we describe the space-time first order least-squares finite element
method [72]. For the derivation of the method we assume that f 2 L2(Q).

The basic idea, which was already mentioned in [21, Ch. 9.1.4] is to rewrite the heat
equation (4.1) as a first oder system. For this we introduce the auxiliary variable
� = �rxu. Then we obtain the first order system

@tu(x; t) + divx �(x; t) = f(x; t) for (x; t) 2 Q := 
� (0; T ); (4.8a)
�(x; t) +rxu(x; t) = 0 for (x; t) 2 Q (4.8b)

u(x; t) = 0 for (x; t) 2 � := �� (0; T ); (4.8c)
u(x; 0) = 0 for x 2 
: (4.8d)

Now, we can define the spaces

U := f(u; �) 2 X � L2(Q)d : @tu+ divx � 2 L2(Q)g;
V := L2(Q)� L2(Q)d;

where X = L2(0; T ;H1
0 (
)) \ H1

0;(0; T ;H�1(
)) with the corresponding norms for
the spaces U; V

k(u; �)k2
U := kuk2

X + k�k2
L2(Q) + k@tu+ divx �k2

L2(Q);

k(w; %)k2
V := kwk2

L2(Q) + k%k2
L2(Q);

for all (u; �) 2 U , (w; %) 2 V . Further we can define the operator

B : U ! V; (u; �) 7! B(u; �) =

�
@tu+ divx �
� +rxu

�
;

and the right-hand side F := [f; 0]T . Then the operator equation of the first order
system (4.8) reads to find (u; �) 2 U such that

B(u; �) = F in V: (4.9)

For the solution of (4.9) one considers a least-squares approach which seeks for a
minimizer (u; �) 2 U to the functional

J(v; �) =
1

2
kB(v; �)�Fk2

V =
1

2

h
k@tv + divx � � fk2

L2(Q) + k� +rxvk2
L2(Q)

i
:

The minimizer of this functional solves the first-order optimality system

B�B(u; �) = B�F in U�; (4.10)
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i.e., we have to solve the variational formulation

hB(u; �);B(v; �)iV = hF ;B(v; �)iV for all (v; �) 2 U; (4.11)

which in more detail reads

b(u; �; v; �) := h@tu+ divx �; @tv + divx �iL2(Q) + h� +rxu; � +rxviL2(Q)

= hf; @tv + divx �iL2(Q) =: l(v; �)

(4.12)

for all (v; �) 2 U . For the variational formulation (4.11), (4.12), respectively, it was
shown in [72, Lem. 4] that the bilinear form b is bounded and elliptic on U , i.e.,
there exist constants cS1 ; cB2 > 0 such that

b(u; �; v; �) � cB2 k(u; �)kUk(v; �)kU ; b(u; �;u; �) � cS1 k(u; �)k2
U

for all (u; �); (v; �) 2 U , and that the linear functional l is bounded. These properties
ensure that the variational formulation (4.12) obtains a unique solution, see [72, Thm.
5] and hence the least-squares minimization problem is well-posed. The ellipticity
of the bilinear form b gives that the corresponding operator B is injective since it
holds

sup
0 6=(w;%)2V

hB(u; �); (w; %)iV
k(w; %)kV

� hB(u; �);B(u; �)iV
kB(u; �)kV

=
b(u; �;u; �)

kB(u; �)kV

� cS1
cB2
k(u; �)kU :

Note that this is sufficient for a least-squares method in order to be well-posed. It
was shown in [81, Thm. 2.3] that B is indeed surjective and hence an isomorphism.
Therefore, solving the operator equation (4.9) is equivalent to solving the minimiza-
tion problem, in particular (4.10). Finally, we note that any f 2 Y � can be expressed
as f = f1 � divx f2 for f1 2 L2(Q), f2 2 L2(Q)d. This equality has to be understood
in the distributional sense, i.e.,

hf; qiQ = hf1; qiL2(Q) + hf2;rxqiL2(Q) for all q 2 Y: (4.13)

The quantities f1; f2 can be obtained by setting f1 = w, f2 = rxw, where w 2 Y
solves

hrxw;rxqiL2(Q) + hw; qiL2(Q) = hf; qiQ
for all q 2 Y . Using this splitting the following holds.
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Lemma 4.6. Let f 2 Y � be given as in (4.13), where f1 2 L2(Q) and f2 2 [L2(Q)]
d.

Then u 2 X solves the variational problem of Bochner type (4.2) for the heat equation
and � = �rxu + f2 if and only if (u; �) 2 U solves (4.9) with right-hand side
F = [f1; f2]>.

Proof. A proof can be found in [81, Proposition 2.5].

The result of Lemma 4.6 states that the first order formulation of the heat equation
(4.9) applies whenever the space-time variational formulation (4.2) does, see [82].
Note that the right-hand side l in (4.12) changes to

l(v; �) = hf1; @tv + divx �iL2(Q) + hf2; � +rxviL2(Q);

when considering a splitting of f 2 Y � as in (4.13).

In what follows we consider the finite dimensional subspace Uh � U , which is defined
with respect to an admissible decomposition Th of Q into simplicial elements, and
we assume f 2 L2(Q). The discrete variational problem of (4.12) then reads to find
(uh; �h) 2 Uh such that

b(uh; �h; vh; �h) = l(vh; �h) for all (vh; �h) 2 Uh: (4.14)

Due to the ellipticity of b the variational formulation is well-posed, and we have the
best approximation result [72, Thm. 5]

k(u� uh; � � �h)kU �
cB2
cS1

inf
(vh;�h)2Uh

k(u� vh; � � �h)kU :

For the discrete space Uh = S1
h(Th)\X � [S1

h(Th)]
d there holds for a smooth solution

u 2 L2(0; T ;H1
0 (
))\H1(0; T ;H2(
))\H2(0; T ;L2(
))\L1(0; T ;H3(
)) the error

behaviour, see [72, Cor. 15]

k(u� uh; � � �h)kU = O(h):

For the solution (uh; �h) of (4.12) an a posteriori error indicator can be defined via
the least-squares functional

�2
h(uh; �h) = J(uh; �h) =

X
K2Th

�2
K(uh; �h) (4.15)

with local error indicators

�2
K(uh; �h) :=

1

2

h
k@tuh + divx �h � fk2

L2(K) + k�h +rxuhk2
L2(K)

i
:

The error indicator is efficient and reliable which can be seen from the following
lemma.
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Lemma 4.7. Let f 2 L2(Q). Further, let (u; �) 2 U be the unique solution (4.12) and
(uh; �h) 2 Uh be the unique solution to (4.14). Then the error indicator �h defined in
(4.15) is efficient and reliable, i.e., there exist constants Cc; Cb > 0 such that

Cck(u� uh; � � �h)k2
U � �2

h(uh; �h) � Cbk(u� uh; � � �h)k2
U :

Proof. A proof is given in [72, Thm. 17]

4.1.3 Numerical examples

In this section we consider numerical examples for the developed minimal residual
framework for the heat equation. The inbuilt error indicator will be used to drive an
adaptive refinement scheme and the results will be compared with those of a uniform
refinement scheme. Furthermore, we provide a comparison to the FOSLS method
proposed by Führer and Karkulik in [72]. The underlying finite element spaces used
in our computations are defined with respect to an admissible and locally quasi-
uniform decomposition TH of Q into shape regular simplicial elements.

Minimal residual method

We consider (4.7) with the trial space XH = S1
H(TH) \ X of piecewise linear and

globally continuous functions and the test space Yh = YH = S2
H(TH)\Y of piecewise

quadratic and globally continuous functions. Note that the latter is defined with
respect to the mesh of local mesh size H. However, since we use piecewise quadratic
basis functions the test space can be identified with a space of piecewise linear func-
tions which are defined with respect to a refined mesh of local mesh size h = H=2, cf.
[106]. In the adaptive refinement scheme we use the global error indicator ph 2 Yh.
Due to the choice of the test spaces it allows the representation

�2
H = kphk2

Y = hrxph;rxphiL2(Q) =
X
�2TH

hrxph;rxphiL2(�) =
X
�2TH

�2
� ; (4.16)

with the local error indicators

�2
� = hrxph;rxphiL2(�) for � 2 TH :

If not other stated we use as a marking strategy the Dörfler criterion [58] with
parameter � = 0:5. This criterion seeks for a minimal set of elementsM� TH such
that X

�2M

�2
� � �

X
�2TH

�2
� :
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The selected space-time simplicial elements are refined using newest vertex bisection.
All computations were done in the software Netgen/NGSolve [152], where we used the
sparse direct solver Pardiso [148, 149, 150] to solve the resulting linear systems.

In the first example we use, as in [106], the one-dimensional spatial domain 
 = (0; 3)
and the time horizon T = 6, i.e., we have the space-time domain Q := (0; 3)�(0; 6) �
R2. As exact solution we consider the smooth function

u(x; t) :=

(
1
2
(t� x� 2)3(x� t)3 sin �

3
x for x � t and t� x � 2;

0 else;
(4.17)

and we compute f = @tu��xu accordingly. The exact solution u is smooth. Hence,
we expect to see a rate of O(H2) for the error in L2(Q) and a rate of O(H) for
the error measured in the energy norm krx � kL2(Q). These rates are confirmed in
our numerical experiment for both a uniform and an adaptive refinement strategy,
see Fig. 4.1a, where we plotted the errors against the number of vertices fMX =
dim(S1

H(TH)). Further, we see that for the same amount of degrees of freedom we
have in the adaptive case a higher accuracy than in the uniform case, which is an
expected behaviour. In Fig. 4.1b a comparison between the error estimator �H =
krxphkL2(Q) and the errors krx(u�uH)kL2(Q), ku�uHkX;h, respectively, is provided.
It demonstrates that the error indicator is effective. Finally, in Fig. 4.2 we present
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Figure 4.1: Convergence results in the case of a smooth solution for the heat equation.

the related space-time finite element meshes. The adaptive mesh reflects the fact
that the solution behaves like a travelling wave.

As a second example we consider, as in [106], 
 = 1, T=1, i.e., the unit square
Q = (0; 1)2 � R2 as a space-time domain. For the right-hand side we consider the
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Figure 4.2: Space-time finite element meshes. Left: Initial mesh. Middle: Uniform
refinement L = 5. Right: Adaptive refinement L = 10.

discontinuous function

f(x; t) =

(
1 (x; t) 2

�
(x; t) 2 (0; 1)�

�
1
10
; 1

2

�
: x� 1

10
� t � x� 1

20

	
;

0 else;
(4.18)

and we choose homogeneous initial and boundary conditions. Note that this example
is also considered in [72, Sec. 5.2.3]. For this example the exact solution is unknown.
Thus, we only provide error rates for the error estimator �H = krxphkL2(Q). These
rates can be seen in Fig. 4.3. In case of a uniform refinement strategy we obtain a
reduced rate of O(H

1
2 ), while in the adaptive case we have the optimal rate O(H).

These rates are also observed in [72]. In Fig. 4.4 we depict the numerical solution
uH as well as the adaptive generated space-time finite element mesh. Here, stronger
refinements around the support of the function f can be observed as in [72], see also
Fig. 4.9 in case of our own implementation of the FOSLS method.

In the third example for the heat equation we consider a problem with incompatible
initial datum similar as in [72, Sec. 5.2.4] and [106]. To be more precise, we consider
Q = (0; 1)2, f(x; t) = 2 for (x; t) 2 (0; 1)2 and an inhomogeneous inital datum
u0(x) = 1 for x 2 (0; 1). Obviously, we have u0 2 L2(
), but u0 =2 H1

0 (
). This
means there is no compatibility with the homogeneous Dirichlet boundary condition
for t = 0. Therefore, we expect to see a reduced rate. The numerical implementation
of the inhomogeneous initial datum is done via a homogenization approach similar
as for inhomogeneous Dirichlet boundary conditions. This is possible because in the
space-time setting the initial condition acts like a Dirichlet condition on the initial
boundary. In Fig. 4.5 the rates for the error indicators as well as the adaptive
generated mesh are depicted. We observe a reduced rate of O(H

1
4 ) in the uniform

case which is improved to O(H0:8) in the adaptive case. These rates are better than
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Figure 4.3: Error estimator �H in the case of a discontinuous right-hand side.

a) Solution uH b) Adaptive mesh with fMX = 17689

Figure 4.4: Singular solution of the heat equation for the discontinuous right-hand
side (4.18).
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those observed in [72, Section 5.2.4] and similar as in [82, Section 4.2.1]. The adaptive
space-time mesh shows stronger refinements around the incompatibility of the initial
datum with the homogeneous Dirichlet datum.

101 102 103 104 105
10�1:5

10�1

10�0:5

fMX

� H

�H adaptive

�H uniformfM�0:4
X

� H0:8

fM�1=8
X

� H1=4

Figure 4.5: Numerical results in case of an incompatible initial condition u0 =2 H1
0 (
).

Comparison with FOSLS method

In the last part of this section we want to compare the results obtained from the
minimal residual framework, see Section 4.1.1 with those of the FOSLS method, see
4.1.2 in more detail. For this reason we implemented the FOSLS method within the
finite element software Netgen/NGSolve [152], where we used the sparse direct solver
Pardiso [149]. For the discretization we use the space UH = S1

H(TH)\X�[S1
H(TH)]

d.
The adaptive refinement scheme in the FOSLS method is driven by the error indicator
�H defined in (4.15), where we use the Dörfler criterion [58] with parameter � = 0:5.
The marked elements are refined using newest vertex bisection.

In the first comparison we revisit the example with the smooth solution (4.17), which
corresponds to a travelling wave in the space-time domain Q = (0; 3)� (0; 6). In Fig.
4.6 we present the related errors in the energy norm as well as the error indicators
for both a uniform and an adaptive refinement scheme. In both cases we see a linear
rate O(H) for the errors and the indicators. Further, we observe that in the minimal
residual method the value of the true error krx(u � uH)kL2(Q) is smaller compared
to the value in the FOSLS method for the same amount of dofs. This means that the
minimal residual method delivers a more accurate solution. In addition to that we
see that the error estimator (4.16) used in the minimal residual method estimates the
value of the true error better than the estimator (4.15) used in the FOSLS method.
In Fig. 4.7 we present the related adaptive refined space-time finite element meshes.
Both meshes are created from the same initial mesh, which can be seen in Fig. 4.2.
The mesh obtained from the minimal residual method seems a bit more concentrated
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Figure 4.6: Comparison of the numerical results from the minimal residual (MinRes)
method and the FOSLS method in case of the smooth solution (4.17).

a) FOSLS, L = 10, fMX = 7301 dofs b) MinRes, L = 10, fMX = 6524 dofs

Figure 4.7: Comparison of the generated adaptive space-time finite element meshes
for the smooth solution (4.17).

at the turning point of the travelling wave while the FOSLS method seems to resolve
the interface where the solution has a steep gradient a bit better.

As a second comparison we revisit the example with the discontinuous right-hand
side f given in (4.18) on the unit square Q = (0; 1)2. As mentioned this example is
also considered in [72, Sec. 5.2.3]. The numerical results are depicted in Fig. 4.8. We
can confirm the rates observed in [72] also for our own implementation of the FOSLS
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Figure 4.8: Numerical results for the piecewise constant right-hand side f given in
(4.18) for the minimal residual method and the FOSLS method.

a) FOSLS, L = 13, fMX = 18856 dofs b) MinRes, L = 10, fMX = 17689 dofs

Figure 4.9: Comparison of the generated adaptive space-time finite element meshes
for the piecewise constant function (4.18).

method. Moreover, in Fig. 4.9 we provide a comparison of the generated adaptive
space-time meshes. We started again with the same initial mesh in both cases, which
had fMX = 136 dofs. We can see that both meshes show stronger refinements around
the support of f . However, in the case of the FOSLS method the refinement is more
concentrated along the interface of the function f .
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4.2 Convection-diffusion equation

In this section we consider the nonstationary advection-diffusion problem

@tu(x; t)� "�xu(x; t) + �(x; t) � rxu(x; t) = f(x; t) for (x; t) 2 Q; (4.19a)
u(x; t) = 0 for (x; t) 2 �; (4.19b)
u(x; 0) = 0 for x 2 
: (4.19c)

Here, Q := 
 � (0; T ) is the space-time cylinder, where 
 � Rd, d = 1; 2; 3 is
a bounded Lipschitz domain with boundary � = @
, and T > 0 is a given time
horizon. We consider " > 0 to be a given parameter, and � 2 L1(0; T ;W 1;1(
;Rd))
some given velocity field. We assume that the velocity field satisfies divx(�) = 0.
Note that this corresponds to the conservation of mass property for incompressible
flows. As mentioned in [117, 141] this problem arises in many applications, e.g., in
pollution simulations, in the modeling of heat and flow problems, in heat transfer
problems with respect to thin domains or in semiconductor device simulations, just
to name a few. In particular, we are interested in the case "

k�k � 1, which means that
this problem gets advection dominated. In this case the solutions are characterized
by boundary layers and hence the numerical solution of this problem becomes difficult
[141] as standard finite element discretization schemes lead to oscillatory solutions
unless the mesh size is chosen in the order of ", i.e., h � ". To illustrate this effect
we consider similar as in [141, Ex. 1.2] the boundary value problem

�"u00(x) + u0(x) = f on (0; 1)

u(0) = u(1) = 0;
(4.20)

with the exact solution

u(x) = x�
exp

�
�1�x

"

�
� exp

�
�1
"

�
1� exp

�
�1
"

� : (4.21)

The right-hand side f is computed accordingly and reads f = 1. Note that the
exact solution has a boundary layer at x = 1 and that � = 1. A standard finite
element discretization with piecewise linear finite elements for (4.20) reads to find
uh 2 Vh := S1

h(0; 1) \H1
0 (0; 1) such that

b(uh; vh) := h"u0h; v0hiL2(0;1) + hu0h; vhiL2(0;1) = hf; vhiL2(0;1) for all vh 2 Vh: (4.22)

The convergence behaviour of the error kr(u � uh)kL2(0;1) is depicted in Tab. 4.1
and Fig. 4.11. We see that we obtain linear convergence if the mesh size h is of
the order of the parameter ". Before, the numerical solutions uh obtain oscillations
and are unphysical, see Fig. 4.10, where we plotted the numerical solution uh for
NV = 512 elements and " 2 f10�2; 10�4; 10�5g. In applications, choosing h � "
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a) " = 10�2 b) " = 10�4 c) " = 10�5

Figure 4.10: Numerical solution uh for the variational formulation (4.22) in case of
NV = 512 elements.

" = 10�2 " = 10�4 " = 10�5

fMV kr(u� uh)kL2(0;1) eoc fMV kr(u� uh)kL2(0;1) eoc fMV kr(u� uh)kL2(0;1) eoc

129 1.567e+00 4097 4.280e+01 65537 9.237e+01
257 7.938e-01 0.981 8193 2.389e+01 0.841 131073 4.843e+01 0.931
513 3.982e-01 0.995 16385 1.233e+01 0.955 262145 2.452e+01 0.982
1025 1.993e-01 0.999 32769 6.213e+00 0.988 524289 1.230e+01 0.995
2049 9.966e-02 1.000 65537 3.113e+00 0.997 1048577 6.154e+00 0.999

Table 4.1: Numerical results for the variational formulation (4.22) in case of the func-
tion (4.21).

is impractical as this leads to unacceptably large numbers of mesh points. For this
reason one is interested in robust methods that work for all values of the singular
perturbation parameter " and give physical correct solutions even before the mesh
size h is in the order of ". In literature different techniques have been proposed to
achieve this, see e.g. [141]. There are methods like the Streamline-Diffusion (SD)
[15, 141] or the Streamline-Upwind Petrov-Galerkin method (SUPG) [22, 29, 94, 141]
which add some stabilizing terms to the bilinear form b(uh; vh) and to the right-
hand side. Other methods are based on the residual minimization idea. Here one
can differ between methods which are proposed in a Petrov-Galerkin (PG) setting
[28, 43, 56, 62], or in a first order least-squares setting (FOSLS) [44, 117] or the
variational stabilization/saddle point least-squares technique [12, 42, 46]. We will
focus on the latter approach and apply the abstract framework presented in Section
3.1 to (4.19).
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Figure 4.11: Convergence behaviour of the error kr(u � uh)kL2(0;1) for a uniform
refinement strategy.

4.2.1 Application of the abstract framework

We apply the abstract framework from Section 3.1 in the space-time setting consid-
ered in [157]. We consider the spaces

Y := L2(0; T ;H1
0 (
));

X := fu 2 Y : @tu+ � � rxu 2 Y �; u(x; 0) = 0; x 2 
g;
H := L2(Q);

(4.23)

equipped with the norms

kpkY := h"rxp;rxpiL2(Q); jjjujjjX =
q
k@tu+ � � rxuk2

Y � + kuk2
Y :

Introducing wu 2 Y as solution to

h"rxwu;rxqiL2(Q) = h@tu+ � � rxu; qiQ for all q 2 Y; (4.24)

we have
k@tu+ � � rxukY � = kwukY ; jjjujjjX =

q
kwuk2

Y + kuk2
Y :

Note that the most standard choice for the space X would be to consider, as for the
heat equation, the space L2(0; T ;H1

0 (
)) \H1
0;(0; T ;H�1(
)). The space X defined

in (4.23) allows for the consideration of more general velocity fields �. However, in
case of bounded velocity fields �, which we assume, we have

X = L2(0; T ;H1
0 (
)) \H1

0;(0; T ;H�1(
));

and we can provide the following result.
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Lemma 4.8. In case of bounded velocity fields � there holds the norm equivalence

1

maxf(1 + 2c(")2); 2)g
kuk2

X � jjjujjj
2
X � maxf(1 + 2c(")2); 2)gkuk2

X ; (4.25)

where c(") = 1
"
cp
p
dk�kL1(Q) and kuk2

X = k@tuk2
Y � + krxuk2

L2(Q).

Proof. Using the Cauchy-Schwarz inequality and a spatial Poincaré inequality, see
(2.6) we can estimate

h� � rxu; qiL2(Q) =

Z T

0

Z



dX
i=1

�i@xiuqdxdt

� k�kL1(Q)

dX
i=1

Z T

0

Z



j@xiuqjdxdt

� k�kL1(Q)

dX
i=1

k@xiukL2(Q)kqkL2(Q)

� k�kL1(Q)kqkL2(Q)

p
dkrxukL2(Q)

� k�kL1(Q)cp
p
dkrxukL2(Q)krxqkL2(Q)

=
1

"
k�kL1(Q)cp

p
dk"1=2rxukL2(Q)k"1=2rxqkL2(Q) = c(")kukY kqkY ;

with c(") = 1
"
cp
p
dk�kL1(Q). Thus, it holds

k� � rxukY � = sup
06=q2Y

h� � rxu; qiL2(Q)

kqkY
� c(")kukY :

Now, we can conclude using standard estimates the upper inequality

jjjujjj2X = kuk2
Y + k@tu+ � � rxuk2

Y �

� kuk2
Y + 2k@tuk2

Y � + 2k� � rxuk2
Y �

� (1 + 2c(")2)kuk2
Y + 2k@tuk2

Y �

� maxf(1 + 2c(")2); 2gkuk2
X :

On the other hand we have for the lower inequality

kuk2
X = kuk2

Y + k@tuk2
Y �

� kuk2
Y + 2k@tu+ � � rxuk2

Y � + 2k� � rxuk2
Y �

� (1 + 2c(")2)kuk2
Y + 2k@tu+ � � rxuk2

Y �

� maxf(1 + 2c(")2); 2)gjjjujjj2X

and thus the norm equivalence follows.
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The operators A : Y ! Y � and B : X ! Y � are defined in the variational sense
satisfying

hAp; qiQ := h"rxp;rxqiL2(Q);

hBu; qiQ := h@tu+ � � rxu; qiQ + h"rxu;rxqiL2(Q);
(4.26)

for all p; q 2 Y and u 2 X. The operator A : Y ! Y � is self-adjoint bounded
and elliptic with constants cA1 = cA2 = 1. This can be proven in the same way as
demonstrated in Lemma 4.1. For the operator B : X ! Y � we can show the following
properties.

Lemma 4.9. The operator B : X ! Y � fulfills:

(i) B is bounded with cB2 =
p

2, i.e., it holds kBvkY � �
p

2jjjvjjjX for all v 2 X,

(ii) B is inf-sup stable with cB1 = 1, i.e., it satisfies

jjjujjjX � sup
06=q2Y

hBu; qiQ
kqkY

for all u 2 X,

(iii) B is surjective.

Proof. We start with the proof of (i). As in the proof of Lemma 4.2 we can estimate

hBu; qiQ := h@tu+ � � rxu; qiQ + h"rxu;rxqiL2(Q)

� k@tu+ � � rxukY �kqkY + kukY kqkY �
p

2jjjujjjXkqkY ;

for all u 2 X, q 2 Y , which gives the boundedness of B. The proof of (ii) can also
be done as in Lemma 4.2 with some small adaptations. We consider the specific test
function �q := u+ wu 2 Y , where wu 2 Y solves (4.24). Then, we have

hBu; �qiQ = h@tu+ � � rxu; �qiQ + h"rxu;rx�qiL2(Q)

= h"rxwu;rx�qiL2(Q) + h"rxu;rx�qiL2(Q)

= k�qk2
Y :

Now, using integration by parts and that by assumption divx(�) = 0, we obtain

h@tu+ � � rxu; uiQ = h@tu; uiQ + h� � rxu; uiL2(Q)

= h@tu; uiQ �
1

2



divx(�); u2

�
L2(Q)

� 0;
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which gives

k�qk2
Y = ku+ wuk2

Y

= kuk2
Y + kwuk2

Y + 2h"rxwu;rxuiL2(Q)

= jjjujjj2X + 2h@tu+ � � rxu; uiQ
� jjjujjj2X :

This implies
hBu; �qiQ � jjjujjjXk�qkY ;

and therefore the inf-sup stability condition

jjjujjjX � sup
06=q2Y

hBu; qiQ
kqkY

for all u 2 X

follows with cB1 = 1. We continue with the proof of (iii). For the surjectivity of the
operator B, let w 2 Y nf0g and consider the auxiliary initial boundary value problem
to find uw 2 X such that

hBuw; qiQ = h"rxw;rxqiL2(Q) for all q 2 Y (4.27)

is satisfied. The operator B allows the representation B = @t +A, with an operator
A : Y ! Y �, defined in the weak sense via

hAuw; qiQ = h"rxuw;rxqiL2(Q) + h� � rxuw; qiL2(Q) for all q 2 Y;

Since the operator A is bounded

hAp; qiQ � (1 + c("))kpkY kqkY ; c(") =
1

"
cp
p
dk�kL1(Q)

for all p; q 2 Y and elliptic with constant cA1 = 1, i.e.,

hAp; piQ � kpk
2
Y for all p 2 Y;

an application of Theorem 2.10 yields a unique solution uw 2 X to (4.27). Therefore,
we have

hBuw; wiQ = h"rxw;rxwiL2(Q) > 0;

and hence surjectivity of B follows.

Remark 4.10. The proof of the inf-sup condition also stays true for velocity fields
with �1

2
divx(�) � 0. This is inline with other works concerning convection-diffusion

equations, see e.g., [7, 33, 46].
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The properties of the operator B ensure that the variational formulation of the ab-
stract operator equation Bu = f which reads to find u 2 X such that

h@tu+ � � rxu; qiQ + h"rxu;rxqiL2(Q) = hf; qiQ for all q 2 Y (4.28)

admits a unique solution. Together with the properties of A we can apply the least-
squares framework, which ends up in the mixed system to find (u; p) 2 X � Y such
that

h"rxp;rxqiL2(Q) + h@tu+ � � rxu; qiQ + h"rxu;rxqiL2(Q) = hf; qiQ;
h@tv + � � rxv; piQ + h"rxv;rxpiL2(Q) = 0;

(4.29)

is satisfied for all (v; q) 2 X � Y .

For the discretization of (4.29) we consider finite dimensional subspaces XH � X and
Yh � Y , where we assume the inclusion XH � Yh. Similar as for the heat equation
we define wuh 2 Yh as the unique solution of the variational formulation

h"rxwuh;rxqhiL2(Q) = h@tu+ � � rxu; qhiQ for all qh 2 Yh: (4.30)

Note that (4.30) is the discrete variational formulation of (4.24). Hence, we have
kwuhkY � kwukY . Now we can define the mesh-dependent norm

jjjujjjX;h :=
q
kuk2

Y + kwuhk2
Y � jjjujjjX : (4.31)

This enables us to prove on the discrete level a refined boundedness estimate as well
as a stability result for the operator B.

Lemma 4.11. Let XH � X and Yh � Y be finite dimensional subspaces of X; Y;
respectively. Further, assume the inclusion XH � Yh. Then there holds

(i)
hBu; qhiQ �

p
2jjjujjjX;hkqhkY for all u 2 X; qh 2 Yh;

(ii)

jjjuH jjjX;h � sup
06=qh2Yh

hBuH ; qhiQ
kqhkY

for all uH 2 XH :

Proof. For the proof of (i) we use (4.30), the Cauchy-Schwarz inequality and the
inequality (a+ b)2 � 2(a2 + b2) for a; b � 0. Thus, we obtain

hBu; qhiQ = h@tu+ � � rxu; qhiQ + h"rxu;rxqhiL2(Q)

= h"rxwuh;rxqhiL2(Q) + h"rxu;rxqhiL2(Q)

� (kwuhkY + kukY ) kqhkY
�
p

2jjjujjjX;hkqhkY :
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The proof of (ii) can be done in the same way as in Lemma 4.9. We sketch the main
ideas. We consider the specific test function �qh := uH + wuHh, where wuHh 2 Yh
solves (4.30). Due to the inclusion XH � Yh we have �qh 2 Yh. Then we can compute

hBuH ; �qhiQ = h@tuH + � � rxuH ; �qhiQ + h"rxuH ;rx�qhiL2(Q)

= h"rxwuHh;rx�qhiL2(Q) + h"rxuH ;rx�qhiL2(Q)

= k�qhk2
Y :

Now, we have due to divx(�) = 0 that

h"rxwuHh;rxuHiL2(Q) = h@tuH + � � rxuH ; uHiQ � 0:

This gives

k�qhk2
Y = kuH + wuHhk2

Y

= kuHk2
Y + kwuHhk2

Y + 2h"rxwuHh;rxuHiL2(Q)

� jjjuH jjj2X;h;

which implies
hBuH ; �qhiQ � jjjuH jjjX;hk�qhkY :

Hence, we conclude the discrete inf-sup stability condition

jjjuH jjjX;h � sup
06=qh2Yh

hBuH ; qhiQ
kqhkY

for all uH 2 XH ;

with ~cS = 1.

Now we are in a position to conclude unique solvability of the discrete variational
formulation (3.13) which for the particular problem at hand reads to find (uH ; ph) 2
XH � Yh such that

h"rxph;rxphiL2(Q) + h@tuH + � � rxuH ; qhiQ + h"rxuH ;rxqhiL2(Q) = hf; qhiQ;
h@tvH + � � rxvH ; phiQ + h"rxvH ;rxphiL2(Q) = 0

(4.32)

is satisfied for all (vH ; qh) 2 XH � Yh. An application of the abstract error estimate
(3.36) gives the best approximation result

jjju� uH jjjX;h �
p

2 inf
vH2XH

jjju� vH jjjX : (4.33)
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Remark 4.12. The dependency on the parameter " is hidden in the norm jjj�jjjX .
Changing to the equivalent norm k � kX will result in constants that depend on ".

In case of a piecewise linear finite element space for the trial space and a sufficient
regular solution u 2 Hs(Q) for some s 2 [1; 2] we can derive with similar techniques
as in [157] the error estimate

ku� uHkY � jjju� uH jjjX;h � c(")Hs�1jujHs(Q): (4.34)

Using �XH = Yh \ X we can show the discrete inf-sup condition (3.37) similar as
in Lemma 4.11 with �cS = 1. Now, an application of Lemma 3.21 gives for some
� 2 (0; 1) an efficiency and reliability estimate for the global error indicator ph 2 Yh
which reads

1p
2
kphkY � jjju� uH jjjX;h �

1

1� �
kphkY : (4.35)

4.2.2 Numerical examples for the nonstationary case

In this section we will consider the developed framework for the convection-diffusion
equation in an adaptive refinement scheme and compare the results with those ob-
tained from a uniform refinement scheme. For the discretization we choose the trial
space XH = S1

H(TH) \ X of piecewise linear and globally continuous functions and
the test space Yh = YH = S2

H(TH)\Y of piecewise quadratic and globally continuous
functions, which are defined with respect to an admissible and locally quasi-uniform
decomposition TH of Q into shape regular simplicial elements. In the adaptive refine-
ment scheme we use the global error estimator ph, which allows the representation

�2
H = kphk2

Y = h"rxph;rxphiL2(Q) =
X
�2TH

h"rxph;rxphiL2(�) =
X
�2TH

�2
� ;

with the local error indicators

�2
� = h"rxph;rxphiL2(�) for � 2 TH :

As a marking strategy we use the Dörfler criterion [58] with parameter � = 0:5. The
selected space-time simplicial elements are refined using newest vertex bisection. All
computations were done in the software Netgen/NGSolve [152], where we used the
sparse direct solver Pardiso [149] to solve the resulting linear systems.

In the first numerical example we consider the one dimensional spatial domain 
 =
(0; 1) and the time horizon T = 1, i.e., we have the space-time domain Q = (0; 1)2.
As exact solution we choose the smooth function

u(x; t) :=
�

1� e�
t
"

� ex�1
" � 1

e�
1
" � 1

+ x� 1

!
; (4.36)
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and we compute f = @tu � "�xu + � � rxu accordingly for " = 10�2 and � = 1.
Note that a similar function in a 2d-1d setting is considered in [33]. The smooth
function (4.36) exhibits a spatial (x = 1) and a temporal (t = 0) boundary layer.
The numerical results for both a uniform and an adaptive refinement strategy are
shown in Fig. 4.12a. We observe a rate of O(H) for the error in the energy norm
and O(H2) for the L2-error as expected. In Fig. 4.12b we present a comparison
between the errors ku� uHkY , jjju� uH jjjX;h and the error estimator �H = kphkY .
One can see that the error indicator is effective and that the error in the norm jjj�jjjX;h
is mainly driven by the spatial part of the norm. Finally, in Fig. 4.13 we present the
related finite element mesh and the numerical solution uH .
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Figure 4.12: Convergence results in the case of a smooth solution for a nonstationary
convection-diffusion equation.

As a second numerical example we use the two-dimensional spatial domain 
 = (0; 1)2

and the time horizon T = 1, i.e., we have the space-time domain Q = (0; 1)3. As
initial state u0 we consider similar as in [117] the function

u0(x) :=  (10kx� ck2);  (r) :=

(
(1� r2)2; for r � 1;

0; for r > 1;

with c = (0:5; 0:5)T . We compute numerical solutions to (4.19) for the velocity field
� = (0; 1)T and without a source term, i.e. f � 0. Furthermore, we consider the
diffusion coefficient to be " 2 f10�3; 10�5; 10�6g. The results for a mesh with 32 �
32�32 elements (35937 dofs) can be seen in Fig. 4.14. In the top row one can see the
numerical solution uH computed by solving (4.28) with the space-time finite element
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